The Loewner framework, in the eye of the tensor...

The Kolmogorov superposition theorem, the curse of dimensionality & benchmark

C. Poussot-Vassal, in coll. with A.C. Antoulas [Rice Univ.], L.V. Gosea [MPI] and P. Vuillemin [ONERA]
February 18, 2026

https://doi.org/10.1137/24M1656657 [in SIAM Review - Research Spotlight]
https://arxiv.org/abs/2506.04791 [extensive benchmark]

Computational cost vs. tensor size (all sorted cases)
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Forewords

Starting (motivating) examples - dynamical Airbus flutter problem

(21, x2,x3) = 2(s, 1, 0) : s2M(11)x(s) + sB(1)x(s) + K (11)%x(s) — G(s,v) = u(s), y(s) = Cx(s)

z3

Original (Mass #1) Approximation (Mass #1)

2

T1 X T X
1[10,35) X%  [m,m| X

® 300x10x10
TZecC

~ s , \ \ -
~2468.75 Ko (’complex’) 0 ; e , 0 o @
Pulsation [rad/s] Pulsation [rad/s]

%‘ A. dos Reis de Souza et al., "Aircraft flutter suppression: from a parametric model to robust control", ECC, 2023.
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Forewords
Starting (motivating) examples - static function #30 (Borehole)

27Ty (H, — Hy)

H(xla"' 7338) = H(rva:Tu7Huvﬂ:Hl7LaKw) =

ry € [0.05, 0.15] radius of borehole (m)
r € [100, 50 000] radius of influence (m)
Ty €[63070, 115600] | transmissivity of upper aquifer (m2/yr)
Hy € [990, 1110] potentiometric head of upper aquifer (m)
Ti€[63.1,116] transmissivity of lower aquifer (m2/yr)
1 X e X s Hy € [700, 820] potentiometric head of lower aquifer (m)
— —_— L €[1120, 1680] length of borehole (m)
[rw,7w] % X [Kuw, Kul Ku € [9855, 12045] hydraulic conductivity of borehole (m/yr)

7;@ € CBX8x -+ x8

~130 Mo (’real’)

S

& S. Surjanovic, "Borehole function", https://www.sfu.ca/~ssurjano/borehole.html.
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Tl X X s
[vam] X e X [&7Kw]

7;@ € CBX8x -+ x8

~130 Mo (’real’)

. ,:tg) = H(rwv"'yTu7 H., Ty, Hy, L, Kw) =

Forewords

Starting (motivating) examples - static function #30 (Borehole)

27Ty (H, — Hy)

Mismatch abs. error
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n=8
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10°

Model complexit;
gdel complexity

[0 A/G/P-V 2025 (A1)
# A/G/P-V 2025 (A2)
[ MDSPACK v1.10
* P/P 2025

TensorFlow

% S. Surjanovic, "Borehole function", https://www.sfu.ca/~ssurjano/borehole.html.
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Column / Row data

H(xz
x1 = A1 (1), pa(in) }&{ Wi, Viy

x1

N, kD)

Wi,

lll(lt"' tql)

V(Il
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Column / Row data

x1 = A1(j1), plin)
X2 = A2(j2), p12(i2)

H(zq,22) Wii,j2
s J1,J2
Vi i

o r2 Aa(1,- ko) | pa(l,--- ,q2)
(L, k) WY . Ger
pi(l, -, q1) Pre V(>]<j.(]’_)
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Data (and tensors)

Tensors (2-D) 7,°




x1 = A1(j1), pa(in)
x2 = A2(j2), p2(i2)
x3 = A3(j3), 13(i3)

Column / Row data

x3 = A3(1,--- ,k3)

H(z1,22,23) { W1 j2.d3
—\rLT2.%8), 71,5253

Vii,ig,ig

o r2 Ao(1,--- k2) | pa(l,---,q2)
Al(l"" 'rk"l) W‘k"l.kg,k‘ d)c'rc
pa(l, - J]l) Dree Prre

z3 = p3(l,- - ,q3)

z1 *2 AQ(I,"' lxz) /12(1,--- .(]2)
>\1(l~,"' :]‘”1> ¢cr7‘ ¢c’rr
/11(17“' -(II> Prer V?l-qz-m
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Tensors (3-D) 7;°
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Problem description

B (w1, wn)
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Forewords

Problem description

Connection to standard dynamical system realization

A linear-in-state dynamical system z; := s parameterized with S :— |25, ..., 2,|T c C*~!
ES)x(tS) = A(S)x(tS) + Bu(t)
y(#S5) = Cx(t9)

equivalently .
H(zy, 00, 00) = CS) 11 E(S) — AS) ' BecC.
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Forewords

Where we stand (some references)

1-D Two-sided Loewner 2-D Parametric one-sided Loewner
= (interpolation) barycentric form = (interpolation) barycentric form
= realization minimality = realization (non-minimal)
= direct algorithm = direct algorithm
1-D One-sided Loewner 3-D Parametric AAA
= (interpolation) barycentric form = (mixed interpolation LS) barycentric form
= direct algorithm = iterative algorithm
1-D AAA (Adaptive Anderson Antoulas - one-sided) >3-D few results

= (mixed interpolation LS) barycentric form
= iterative algorithm

N J-P. Berrut and N. Trefethen, "Barycentric Lagrange Interpolation”, SIAM Review, 46(3), 2004.
g‘b A.J. Mayo and A.C. Antoulas, "A framework for the solution of the generalized realisation problem", LAA, 425(2-3), 2007.

g’b A.C. lonita and A.C. Antoulas, "Data-Driven Parametrized Model Reduction in the Loewner Framework", SIAM Journal on Scientific
Computing, 36(3), 2014.

& T. Vojkovic, D. Quero, C. P-V and P. Vuillemin, “Low-Order Parametric State-Space Modeling of MIMO Systems in the Loewner
Framework", SIAM Journal on Applied Dynamical Systems, 22(4), 2023.

g‘b A.C. Rodriguez, L. Balicki and S. Gugercin, "The p-AAA algorithm for data driven modeling of parametric dynamical systems", SIAM
Journal on Scientific Computing, 45(3), 2023.
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Forewords

Contributions claim & trajectory of the presentation

n-D tensor data to n-D Loewner matrix L,
n-variable transfer functions
n-variable generalized realization

Taming the curse of dimensionality (flop/Bytes/accuracy)

n-variable decoupling
KST formulation for rational functions
Comparison with MLP, KAN, pAAA

vVVvyVvVvYVYyYVyYyYy

arXiv

%: A.C. Antoulas, I-V. Gosea and C. P-V., "On the Loewner framework, the Kolmogorov superposition theorem, and the curse of
dimensionality"”, SIAM Review, November, 2025 (https://arxiv.org/abs/2405.00495).

A.C. Antoulas, I-V. Gosea, C. P-V. and P. Vuillemin, "Tensor-based multivariate function approximation: methods benchmarking and
comparison”, arXiv, June, 2025 (https://arxiv.org/abs/2506.04791).

A.C. Antoulas, I-V. Gosea, C. P-V. and P. Vuillemin, "mLF package”, GitHub (https://github.com/cpoussot/mLF).
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Multi-variate data, function & Loewner matrix

1-D case
Péi) = {0 W), =1, k1)
P = {( Vi), i1=1,...,q1}
Loewner matrix Null space
L; € Catxk1 span (c1) = N (L1)
Vip — Wi c
L1)iy,5: = : 1
( )11:]1 _ /\l(/l) co i
ML —L1A; =ViRy — LWy ‘1= : ecH
Chky

Lagrangian form
Zkl i1 Wi
j1=1 £1—=X1(j1)

Ben) = SR
Zh:l z1—X1(j1)

C. P-V. [ONERA / MOR Digital Systems - 10/87]



Multi-variate data, function & Loewner matrix

1-D case (example)

Data generated from H(z1) = H(s) = (s2 +4)/(s + 1) of complexity (2)

MG) = [1,3,5] H [ w, = [5/2,13/4,20/6]
i) = [2,4,6,8] V., = [8/3,4,40/7,68/9]
Loewner matrix Null space
1 7 13 1
6 12 18 3
1 3 5
L_] 2 1 = ci=| -3
1= o 238 37 1
14 28 42
13 31 49
18 36 54

Lagrangian form

SN S W
— -3 —5
gls) = D T T _
3G6-1 36—y t 5=

C. P-V. [ONERA / MOR Digital Systems - 11/87]



Multi-variate data, function & Loewner matrix

P& = {0,
P& = {(m(),
Loewner matrix

L, € C9192 X k1k2

Viii2 = Wia,g2

iz _
Jadz — A1(51)) ( — A2(j2))
MQX = XAZ = V2R2 - L2W2
MLy —LoA; = X

Lagrangian form

Ci1,d2Wi1,d2

23171 232 =1 (z1—X1(J1))(z2—A2(j2))

2(J2); Wiy ga)s J1=1,...
;Vi17i2)7 i1 = 17'“

€j1,32

g(z1,z2) =
231—1 Zn =1 (z1—21(51))(x2—A2(52))

2-D case

ki ge=1,... ka}
»q1 7:2:1’“‘7‘12}

Null space
span (c2) = N(Lz)
e T

Cl,ko
co = € Chrk2

Ckq,1

Ck1,k2 |

C. P-V. [ONERA / MOR Digital Systems - 12/87]



Multi-variate data, function & Loewner matrix

2-D case (example)

Data generated from H(z1,22) = H(s,t) = (s%t)/(s — t + 1) of complexity (2, 1)

_1 _3 _1 _2
3 5 2 3
. _9 _ 27 — _9
M) = [1,3,5] 3 T 23 2
5 5 5
= [0,2,4] H - —3 | -7 ~10
Nk N
Xa(j2) = [-1,-3] 0 0 0 0
= —2,—4 8 16
[ ’ ] -1 -2 —F ===
8 32 64
-3 6 |-F -3
Loewner matrix Null space
1 _3 3 _9 5 _5 _1
3 5 5 7 7 3 3
1 3 1 E) 5 5 5
9 5 5 7 21 3 9
19 1 1 _1 23 _ 101 I
Lo — 15 5 35 35 5 _ 9
2= | == 510 m— T T T77 2= | _1a
63 35 105 7 7 63 9
89  _ 139 97 _5 1 _79 e
63 105 35 7 21 -9
61 293 239 205 _ 223 11 1
81 135 135 63 189 9
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Multi-variate data, function & Loewner matrix

2-D case (example)

Data generated from H(z1,22) = H(s,t) = (s%t)/(s — t + 1) of complexity (2, 1)

1 _3 | _1 _2
3 5 2 3
MG = [1,3,5) -2 ¥ | -3 -3
= 1[0,2,4] H | - -F|-F -1
Xe(j2) = [-1,-3] ( 0 0 0 0
= [_27_4] = -2 —% —1—76
-5 -6 |- -§
Lagrangian form
o G R e G O e G T [ G R o G Bl (e GG
5— s— 3 s—3 s—3 R s—5 s—5 |-
g(s,t) = — 1 — 5 — 10 i 14 T 7 — 1 = H(s, 1)
3G-DET)  G—NGErD  9e—neED T ae=neE T e T GoneE)
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Multi-variate data, function & Loewner matrix

n-D case
P(") {(A1(G1)s A2(2), - ’/\,,(,I',,);le’jzym,]‘n)7 g=1,..,k, l=1,--- ,n}
P(n {( 5 [ ;Vil,ig,“',in)) il:1>'“aql7 l:177n}
Loewner matrix Null space
L, € CQIQZ“‘QnXklkZ"‘kn span (Cn) :N(Ln)
iz vin _ Viy i, vin = Wiz, sin M ocra ]
J1,3257 " 5dn ( —>\1(,j|))"'( _)\“(J‘H))
MnXI _XlAn = Van - an’ny Cl. k
: cn = ; € Chikn
ML, —L,A1 = X,_1. _
Clq,--,1
Lagrangian form
L Cki,skn

Ekl an Ciro o dn Wit in
_ j1=1 jn=1 (£1—=A1(j1)):*(Tn—An(jn))
Ekl an i1, in

ji=1 jn=1 (@1—21(j1)) " (@n—2n(Gn))
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Taming the curse of dimensionality

n-variable Loewner matrix operator!

Ck1 x C91 x ... x Ckn x CIn x Ck1+a1) X X(kntan) __y COXK

(MG, vee s An(in), TY) — Ly
n-D tensor T,% matrix Ly,

Lwhere and K = kiky - kyy.

C. P-V. [ONERA / MOR Digital Systems - 16/87]



10250 {— 08

10

flop

Taming the curse of dimensionality

log-log scale

Full n-D Loewner vs. Cascaded n-D Loewner

—-0(N?)
=« O(N.log(N))

200

10150

10100

1050

1010 <
10" 10" 107 10% 10 10%° 10
n-D Loewner matrix dimension

Null space flop and memory issues

rows) Q = q1q2 . ..qn and
¢ 1149 1

(columns) K = kika...kp

L, € COXK

Computational issue
Note that () x /A matrix SVD flop estimation is

> QK2 (if Q > K)
> N3 (fQ=K=N)

Storage issue
Note that () X /' matrix storage estimation is
> in real double (,21\'5% MB
. - 8
> in complex double 20) X' 5357 MB

C. P-V. [ONERA / MOR Digital Systems - 17/87]



Taming the curse of dimensionality

2-D case (example cont’d, to get the idea)

Data generated from H(z1,22) = H(s,t) = (s%t)/(s — t + 1) of complexity (2, 1)

o r2 Ag(1) = —1 Ao (2) = —3 o (l) = —2 po(2) = —
A7 (1) =i h11=—-% hi2=—% h1,3 =3 hi,4=-%
2(2) =3 ho1=—2 hop = —2L ha 3 = —3 hoa=—%
A1(3)=5 | hgn=-%2 hz3o=-2% hg3=—22 h3,4 = —10
i1 (1) = ha1 =0 hy o =0 hag =0 haa =0

n1(2) =2 hg,1 = -1 hg,2 = —2 hs,3 = —§ hga =~
11(3) = he,1 = — % he,2 = —6 he3=-%  hea=-G

C. P-V. [ONERA / MOR Digital Systems - 18/87]
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Taming the curse of dimensionality

2-D case (example cont’d, to get the idea)

Data generated from H(z1,z2) = H(s,t) = (s2t)/(s — t + 1) of complexity (2, 1)

1
o T2 Ao(1) = —1 pwo(1) = —2 Lo(2) = —4 -3
Al =1 h11=—% hi3=—7% hia=—% g
A1(2) =3 ho1=—2 ho 3 = —3 hoa=—% N(L2) —1—
A@) =5 | hg1=-32 haz=—& h3,4 = —10 = 194
w1(1) =0 hg1 =0 hy g =0 hy4 = —9
n1(2) =2 hg,1 = —1 hs3 = —§ hs,qa = — 32 —57
pn1(3) =4 hs‘lz—% h6,3:_372 h6,4=—594 1
-
> 11 along x1, for 3
To = Mo(2) = -3 A2(2) _ 14

C. P-V. [ONERA / MOR Digital Systems - 18/87]



Taming the curse of dimensionality

2-D case (example cont’d, to get the idea)

Data generated from H(z1,z2) = H(s,t) = (s2t)/(s — t + 1) of complexity (2, 1)

1

r2 g (1) = —1 Ao (2) = —3 pwo(1) = —2 Lo(2) = —4 -3

5

9

10

= 9

14

n1(l) =0 )
n1(2) =2 hsq = —1 hgo = —2 hsg=—2 h54=—18 7
L _ 8 _ _ _32 _ _64 9
n1(3) =4 he,1 = —3 hg,2 = —6 he,3 = — % he,a = =75 1

> 11 along x1, for
T2 = Mo(2) = 3
A2(2) _
» 3 1Ly along xo for ¢y - ¢
z1 = {A1(1), M1(2), M1 (3)} 1

H‘_. ©olut
= >
™
Il
—
|
[SISY)
S
¢}
= >
=
Il
—
|
~Jyjot
| S
0
=
Il
—
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Taming the curse of dimensionality

2-D case (example cont’d, to get the idea)

Data generated from H(z1,22) = H(s,t) = (s%t)/(s — t + 1) of complexity (2, 1)

o1 r2 Ag(l) = —1 Ao (2) = —3 po(l) = —2 po(2) = — _%
A7 (1) =i h11=—-% hi2=—% h1,3 =3 hi,4=-% g
A(2) =3 ho 1 *% h2,2=*'27_7 g = =8 h2:4=7% N (Lz2) - o
A@)=5 | hg1=-3  hzo=-3 haz = —28 h3,4 = —10 = 194
p1(1) =0 hg1 =0 hyg2 =0 hg3 =0 hg4 =0 9
k1(2) =2 hs1 = —1 hs2 = =2 hs3 = —§ hs,a = —48 _—g_
pE)SE he,1 = —§ hg,2 = —6 he,3 = —32  hea =5 1
» 11, along x1, for -
Za = A2(2) = —3 5 ; 3 ‘ 5
> 3 1L along z2 for Cll\lu) = % vcfl(]) = 15 7C|M(2') = IT 7(:?“
z1 = {A1 (1), A1(2),A1(3)} 1
» Scaled null space c;r =
[ Ci]H)T . [0?3(2)]1 C/l\|(2)T . [CT\Z(—))]Q CTI(B]T [Cfu)]iﬁ ]T

C. P-V. [ONERA / MOR Digital Systems - 18/87]



Taming the curse of dimensionality

2-D case

Theorem: 2-D to 1-D

Being given the tableau 7‘2® tensor in response of the 2-variables H(z1,z2) function, the null space of the
corresponding 2-D Loenwer matrix La, is spanned by

A2 (1) A1 (k1) A2 (k2) A1 (k1)
co2 = N(Lg) = vec [cl ~[c1 } RN 4 ~[c1 } :|,
1 k2

where
> Ci\l (k1) _ N(]Li\l (k1 ))Y
i.e. the null space of the 1-D Loewner matrix for frozen 1 = A\ (k;), and

> Ci\_'l',/_‘) :N(Li\z("/g)),
i.e. the ja-th null space of the 1-D Loewner matrices for frozen zo = {\2(1),---, Ao (ko) }.

C. P-V. [ONERA / MOR Digital Systems - 19/87]



Taming the curse of dimensionality

2-D case

~—

C. P-V. [ONERA / MOR Digital Systems - 20/87]



Taming the curse of dimensionality

3-D case

C. P-V. [ONERA / MOR Digital Systems - 21/87]



Taming the curse of dimensionality

3-D case

e,

C. P-V. [ONERA / MOR Digital Systems - 21/87]



Taming the curse of dimensionality

n-D case
Theorem: n-D to (n —1)-D
Being given the tableau 7,® tensor in response of the n-variables H(z1,- -+ ,xn) function, the null space of the
corresponding n-D Loenwer matrix Ly, is spanned by
N(]Ln) = vec |:67\7]_[11> ) |:c§/\;’(/rz‘,‘,/\:),‘:/w}‘y"' n (kn )):| S ,C;\l]_‘«'l/"\ ). Cg)‘l('/@},km/-‘:a]r 5 An (kn ]):| :| ,
1 k1
where
> c(/\_ﬂfv“z",/\ 3(k3), A0 (kn)) spans N(L(/\’ )sA3(k3), s n(kn 7))’
i.e. the null space of the 1-D Loewner matrix for frozen {A\g, 5, Akgygs- 5 Ak, , 1o @nd
> cM /") spans (L AH“‘),
i.e. the ji-th null space of the (n — 1)-D Loewner matrix for frozen z1 = {)\( s, A (k)

C. P-V. [ONERA / MOR Digital Systems - 22/87]



Taming the curse of dimensionality

Null space - flop complexity

log-log scale (rows) Q@ = q1g2...qn and
(columns) K = kika...kp

Full n-D Loewner vs. Cascaded n-D Loewner
L, € COXK
n

10250 - O(N‘;)
--o(v?)
1670 =« O(N.log(N))
Computational issue
D‘1015" Note that () x /' matrix SVD flop estimation is
= > QK2 (if Q > K)
100
10 > N3 (if Q=K = N)

1050
= The CURSE of dimensionality

1010 <
10" 10" 107 10% 10 10%° 10
n-D Loewner matrix dimension

C. P-V. [ONERA / MOR Digital Systems - 23/87]



flop

Full n-D Loewner vs. Cascaded n-D Loewner

log-log scale

250
102 1=ow)
_.O(N2)
s« O(N.log(N))
10200
e
10150 /‘/
s
10100 //
...--“""""
1050
1010
10* 10*° 10% 10% 10%° 10%° 10%

n-D Loewner matrix dimension

Taming the curse of dimensionality
Null space - flop complexity

3.00 (n=1)
2.29 (n=2)
1.94 (n=3)

1.73 (n=4)

159 (n=5)
1.50 (n=6)
1.30 (n=10)
115 (n=20) = The CURSE of dimensionality is TAMED
1.10 (n=30)

1.08 (n=40)

U1.06 (n=50)

C. P-V. [ONERA / MOR Digital Systems - 23/87]



flop

Taming the curse of dimensionality
Null space - flop complexity

log-log scale

Full n-D Loewner vs. Cascaded n-D Loewner

102 o 3.00 (n=1)
—O(N?) 2.29 (n=2)
1020 O gt 194 (n=3)
M B (n=4)
10150 2 W50 m-5)
/// 1.50 (n=6)
101 7 130 (n=10)
e 115 (a0 = The CURSE of dimensionality is TAMED
%0 - 1.10 (n=30)
’ 1,08 (n=40) O(N3) — O(N?%29)  forn=2
e — O(N'9) forn=3
Uios o (N1-94)
10* 10%° 10%° 10%° 10%° 1080 1080

n-D Loewner matrix dimension

—  O(N'96)  forn =50

C. P-V. [ONERA / MOR Digital Systems - 23/87]



Taming the curse of dimensionality

Null space - memory and storage

The data (tableau) storage is (in complex and double precision)

n
8
520 qu + k. MB (example tableau 2-[20,6,4,6,8,2] = 2 [k1, k2, k3, ks, ks, ke] needs 45 1B)
l

Full n-D Loewner

Construction of
]Ln c (CNXN

where N = k1ks - - - ky, needs

8 2
N7 B

Example: N = 46,080
Memory: 31.64 GB
flop: 9.78 - 1013
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Taming the curse of dimensionality

Null space - memory and storage

The data (tableau) storage is (in complex and double precision)

n
8
530 qu + ki MB (example tableau 2 - [20,6,4,6,8,2] = 2 [k1, k2, k3, k4, ks, ke] needs 45 MB)
1

Full n-D Loewner

Construction of
]Ln c (CNXN

where N = k1ks - - - ky, needs

8 2
N7 B

Example: N = 46,080
Memory: 31.64 GB
flop: 9.78 - 103

Cascaded n-D Loewner

Construction of
]Ll c Ck)(k
where k = max; kj, needs

8 —2

Example: k = 20
Memory: 6.25 KB
flop: 8.13-10°
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Variables decoupling, KST and KANs
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Variables decoupling, KST and KANs

Kolmogorov Superposition Theorem and Hilbert’s 13th problem

Kolmogorov, Arnold, Kahane, Lorentz and Sprecher
For every continuous function f : I — R and any n € N, n > 2, there exist
» real numbers A\1,..., An;
P continuous functions ¢ : I — R, k=1,...,2n+ 1;
P a continuous function ® : R — R;
such that V(z1, -+ ,zy,) € I™:

2n+1 2n41
f@r, o) = Y @ Z%,p@p =) ®adu(@) + - + Andi(n)
q=1 k=1

"Kolmogorov proved that every continuous function of several variables can be represented as a superposition of continuous
functions of one variable and the operation of addition (1957). Thus, it is as if there are no functions of several variables at all.
Seriously speaking, Kolmogorov's theorem is a brilliant example of his mastery. In particular, the theorem shows that Hilbert’s
conjecture (to its 13th problem) is wrong."

%’ A.G. Vitushkin, "On Hilbert's thirteenth problem and related questions"”, Russian Math. Surveys 59:1, pp. 11-25.
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Variables decoupling, KST and KANs

Loewner and KST

Remember that (in 2-D)

cs = N(La) = vec [C?zm. [cf‘“‘"j} -2t [ci\m.)} ] 7
1 ko
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Variables decoupling, KST and KANs

Loewner and KST

Remember that (in 2-D)
c2 = N (L) = vec [ci\"J~[ci\“} ,-~,c1\’”1"”~[cf“k“} ],
1 k2

Variable decoupling

Given data 7,9, the latter achieves variables decoupling, and the null space can be equivalently written as:

Cy = c®n @(Czn_l ®1kn)®(czn_2®1knkn,1)®"'®(cm1 ®1k:n...k:2)-

Bary(zy)

Bary(z,—1) Bary(z,_2) Bary(z1)

where c”! denotes the vectorized barycentric coefficients related to the [-th variable.

This is decoupling !
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Variables decoupling, KST and KANs

Decoupling, KST and KANs via Loewner with rational activation functions (H = z - 22)

Vo = () e
o (e _ _ 2 2 5.2(01,02)W3 5, (41,72
A2lj2) = Lol D iim1 2l T T G
/'1(/‘1) - )\1(.{1)+0~5 - 2 2 C§2(j17j2)
pa(iz) = A2(j2) +05 Zj1:1 Ejzzl (zl—/\l<‘J1\))(z2—/\2<Jz))
1 3
L =11 3 =3
® -1 1 |-5 3
Ty = I L[ I 3
53 52 4, of
—3 2 -7 1 where Cg%2 and Wgsz are the tensorized forms of
c and w.
c w cOwW Lag
1
1.0 1.0 1.0 —(m1+1.0)1(a:2+1.0)
—-10 -1.0 1.0 (x1+1.0)1(a:2—1.0)
-1.0 -1.0 1.0 (@1-1.0) (z2+1.0)
1.0 1.0 1.0 L

(21-1.0) (z2—-1.0)
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1.0
—-1.0
—-1.0

1.0

Variables decoupling, KST and KANs

Decoupling, KST and KANs via Loewner with rational activation functions (H = z - 22)

A1(j1) = -1 1
A2(j2) = -1 1
= Ai(j1)+05
= A2(j2)+0.5
1 3
L =113 -3
SN e
1 _1I 1 _3
B T o ‘ Aot
2 2 4 4
w cOwW Lag
1
Lo 10 G @t
-1.0 1.0 (a:1+1.0)1(:cz—1.0)
-10 1.0 (x1—1.0) (z2+1.0)
1.0 1.0 L

(21-1.0) (w2—1.0)

c’2
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Decoupling theorem

= vec( —1.0
1.0
B -1.0
- ()
c*2 ®
-1
1
1 ©
1
——
Bary(z1)

-1.0
1.0

(e @ 1g,)
-1
-1
1
1

———
Bary ()



1.0
—-1.0
—-1.0

1.0

Variables decoupling, KST and KANs

Decoupling, KST and KANs via Loewner with rational activation functions (H = z - 22)

M) = 101 Denominator / Numerator
A2(j2) = -1 1 @1 (21) P2 (22)
= Ai(J1)+05
= (o) 405 Bary(z1) i%ag(m) Bary(z2) i'(l)lag(m)
1 . 1 3 D= :zll-&'-olo _z21+1.0
1 1 2 32 21+1.0 22150
T —T f _2§ #7110 _z21+10
B T ol B S =10 2-T0
2 2 4 4
Equivalent denominator and numerator read:
w cOwW Lag
1 S [ oime 3w [] ol
L0 10 GrroET [Dli,; (DI,
~1.0 1.0 1 i-th row j-th col i-th row J-th col
(m1+1.0)1(12_1.o*)
-10 1.0 (z1—1.0) (x2+1.0)
1.0 1.0 !

(z1—1.0) (z2—1.0)
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Variables decoupling, KST and KANs

Decoupling, KST and KANs via Loewner with rational activation functions (H = z - 22)

MG 1 1 Denominator Network view
A2(J2) -1 1
A1(j1)+0.5
= A2(j2)+0.5
RN
® -1 1 | -1 2
[Eut [ S w I a—
B ‘ 9
2 2 4 4
c w cOwW Lag
1
Lo 10 L0 e ety
-0 -10 1.0 (@1 +10) (72 =1.0)
B I e or ez o)
1.0 1.0 1.0 L

(21-1.0) (w2—1.0)
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Variables decoupling, KST and KANs

Decoupling, KST and KANs via Loewner with rational activation functions (H = z - 22)

KST via Loewner
2 2 Cj1,52Wij1,52
Lji=1 Lo (z1 = A1(51) (2 = A2 (2))

2 2 Cj1,d2
Zh:l zjz:l (z1 = A1(71)) (22 — A2(52))

Hiag (21, 22)

Y rons WO P1(x1) © P2 (22)

D rows 21(21) © P2(22)
3 o exp (Iog(w) + log (®1 (1)) + log (®2(x2)))

D rows P (log (P1(21)) + log (®2(2)))

Hyt (21, 22)

This is the solution of KST for rational forms !
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Comparisons

Some competitors

Rat. app [B/G 2025]
» Lagrangian interpolation theorem
> p-AAA
KAN [P/P 2025]
» Kolmogorov Arnold theorem
» Kolmogorov Arnold Network
MLP [TensorFlow by Google, via Keras 2025]
» Universal approximation theorem
» Multi Layer Perceptron
> Dense connected / ReLU / ADAM / 1000 it. / rand. init.

% L. Balicki and S. Gugercin, "Multivariate Rational Approximation via Low-Rank Tensors and the p-AAA Algorithm", SISC, 2025.

% M. Poluektov and A. Polar, "Construction of the Kolmogorov-Arnold representation using the Newton-Kaczmarz method",
https://arxiv.org/abs/2305.08194.

% M. Abadi et al., "TensorFlow: Large-scale machine learning on heterogeneous systems, 2015", Software available from tensorflow.org.
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https://arxiv.org/abs/2305.08194
tensorflow.org

Comparisons
Function #1

A/G/P-V 2025 (A1)

‘ : ' ReLU(z1) + 1i5

G/ 005 42)

o

“ ‘ > Reference: Personal communication
log(:

it

» Tensor size: 12.5 KB

MDSPACK ¥1.10

Mismatch abs. error Model construction duration Model complexity

10° 100
n=2 e [Z0A/G/P-V 2025 (A1)
125 KB 125 KB A /G/P-V 2025 (A2)
10 [h] 108 [ MDSPACK v1.1.0
10° = P/P 2025
1[0 H | |C-R/B/G 2023
% B/G 2025
£ 10'|[ TensorFlow
5 10 i £
2 ° 1 [min] g
© E 10 H10°
z R =4
<0 s £
210
2
]
=)
1019 O
P— 1 [ms]
10°

'l
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Comparisons
Function #20

3= [91.2511]

A/G/P-V 2025 (A1)

Eﬁ“,,\,

A/G/P-V 2025 (A7)

MDSPACK v1.10

Breit Wigner function

> Reference: A/al. 2021 (A.5.15)
> Tensor size: 500 KB

105Mismatch abs. error Model construction d i 108 Model 1
n=3 n=s [A/G/P-V 2025 (A1)
500 KB 505 KB A/G/P-V 2025 (A2)
og(stn cxr) 10 [h] MDSPACK v1.1.0
T 100 7 |mmr/p 2025
(PR 10 £ | ICR/B/G 2023
i 2 B/G 2025
T £ 10| I TensorFlow
o
5 5 &
5 105 )

2 10 o! [min] g

© E w00 3 10°
H B >
1fs ES

<0 s) g

2107
B
é g
=]

10-15 Oy

1 [ms]
100
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Comparisons
Function #26

5 = [~1.6596]

A/G/P-V 2025 (A1) log(abs. err)

zitzotwy
6+cos(z1)+cos(z2)+cos(z3)

> Reference: B/G 2025
» Tensor size: 1.65 MB

105Mismat‘,«:h abs. error Model construction i 108 Model
n=3 ne3 [ A/G/P-V 2025 (Al)
1.65 MB 1.65 MB A/G/P-V 2025 (A2)

MDSPACK v1.1.0

[ IC-R/B/G 2023
B/G 2025
| TensorFlow

3

g
—{
— (e
—
—
=
1
|

1 [min] |

o
ERRUN |
B
10-10 1l | ;
107 B
107 10" B
1 [ms] | I
10°
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Abs. error
T
Complexity (# parameters)
3




Comparisons
Function #29

A/G/P-V 2025 (A1) log(ats. err)

xlmg

min(10|z1 |, 1)sign(z1) + —5

» Reference: Personal communication
» Tensor size: 12.5 KB

.Mismatch abs. error Model construction duration 108 Model complexity
n=2 ne2 [0A/G/P-V 2025 (A1)
12.5 KB 125 KB A/G/P-V 2025 (A2)
10 [b] 10° |EEIMDSPACK v1.1.0
100 i ()
1 [h] H | |C-R/B/G 2023
5 B/G 2025
£ 10 TensorFlow
5 100 1 mi g
g o 1 fmin] g
© E 10 H10°
é a 1) 2z
- 5| =
10710 3
2107
2
]
=)
107 O
1 [ms]
L 100 L
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logabs. err)

Comparisons

Function #34

Riemann ¢ function (real part)

-Mismatch abs. error
10° *

10°

Abs. error

10-10

101

1

n=2
1.22 MB

B

Time

Model construction durition

10 [b]

L[b)

1 [min]

10s)

. [ONERA / MOR Digital Systems - 36/87]

n=2
1.22 MB

> Reference: Riemann ¢ function (real part)
> Tensor size: 1.22 MB

10°

Complexity (# parameters)
s

| e
[ A/G/P-V 2025 (A1)

Model complexity

[ IC-R/B/C 2023
B/G 2025
% TensorFlow




Comparisons
Function #38

23 = [-0.18255]
A/G/P 205 (A1) log(at. err)

j@g+eit+se]
Frd A2+ rapd 41
5w1+4w1 +:v3:c2+1

> Reference: A.C. Antoulas presentation
» Tensor size: 1.65 MB

Model complexity

| Mismatch abs. error  Model construction duration .

n=3 s [ A/G/P-V 2025 (A1)

1.65 MB [ A/G/P-V 2025 (A2)
10 [h] 1.65 MB 108 [ MDSPACK v1.1.0

10° P/P 2025
% 11 [ C-R/B/G 2023
’ 1 [min]

B/G 2025
E 100 B
10710 1[5 E
101 | |
1 [ms]

| TensorFlow
C. P-V. [ONERA / MOR Digital Systems - 37/87]

2

Abs. error
5
B
Time
Complexity (# parameters)
= s

A2

[
)
|
=




Comparisons
Function #44

255 = [8.3957;0.10228; 3.0204; 3.8066;7.9957; 5.442)

log(abs_orr)

-
15 -
10 o 1

1
aitzies+altestaetortas

A/G/P-V 2025 (A2) og(an. )

» Reference: Personal communication
» Tensor size: 763 MB

ADSPACK vi.10 ogtte. )
_Mismatch abs. error  Model construction duration Model complexity
10° * K x *kH 1000 % %
n=8 _ [0 A/G/P-V 2025 (A1)
763 MB B B % A/G/P-V 2025 (A2)
] - |IMDSPACK v1.1.0

001 15 1
o . 100 * P/P 2025
1 B 1h % C-R/B/G 2023
e o

S

B/G 2025
10t TensorFlow

CR/B/G 202 og(ats. err)

s
3

B
E

[N

Abs. error

10-10

B/G 2025 log(at. err)

™ .

Time
Complexity (# parameters)

1015

NOT CONVERGED

P— e ) 1 ms)

100

[
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Time (average over all tests)

Computational cost vs. tensor size (all sorl@d cases)

Comparisons

Size vs. computation time

O A/G/P-V 2025 (A1)

O A/G/P-V 2025 (A2)

O MDSPACK v1.1.0

A P/P 2025

[> C-R/B/G 2023
B/G 2025

< TensorFlow

1L
A o
15 [min] - & o é o
1M o (X
ABE
AN 5? < ®
! Bob g°
15 XY e -
Rl o o f
i
Y 8 BB
1 [ms] -
10 [KB) 1 [1\‘/IB] 10 [MB] 100 tMB]

Tensor size
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Comparisons

Size vs. error

Error vs. tensor size (all sorted cases)

10° -
g
oé 10° ° < 8 o
g § 4 A gt oo
=
§ 1070 Y Dﬁ § %o
7 2 »Y 7] Ll
:g/ 10-10 [ o 8 ;
5 8 > g€ PL o 2 o )
o b o
5 & % pere & o b4
gur® 9 é i
=R )
10-20 1 1 1 |
10 [KB] 1 [MB] 10 [MB] 100 [MB] 1[GB)

Tensor size

O A/G/P-V 2025 (A1) O MDSPACK v1.1.0 |> C-R/B/G 2023 <| TensorFlow
O A/G/P-V 2025 (A2) A P/P 2025 B/G 2025
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Comparisons

Radar error & computational time

Error of the best configuration (all sorted cases) Computational cost of the best configuration (all sorted cases)
@(x)max(1-log10(x./min(x,[],1))/1e1,0.1) @(x)max(1-logl0(x./min(x,[].1)).0.1)

Tensor sise [Mo] (10-scale)

A/G/P-V 2025 (A1) 9 MDSPACK v1.10 - C-R/B/G 2023 —— TensorFlow A/G/P-V 2025 (A1) 9 MDSPACK v1.10 - C-R/B/G 2023 —— TensorFlow |
A/G/P-V 205 (A2) Ae-P/P 2025 - B/G 2025 A/G/P-V 2025 (A2) -e-P/P 2025 - B/G 2025
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Multi-variate realization
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Multi-variate realization

1-D case (example cont’d)

Data generated from H(z1) = H(s) = (s2 +4)/(s + 1) of complexity (2)

5 __ _13 29

6(s—1) 3(s—3) ' 6(s=9)
8)=—"—7 — 1 T
3(s—1) 3(s—2) it 5=5

Lagrangian realization H(s) = W®(s)" G

s—1 3—s 0 w=[¢: -8 2]
P(s) = _8_7—11__2__):—1_5_ GTZ[O 0:_1]
3 3
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Multi-variate realization

2-D case (example cont’d)

Data generated from H(z1,22) = H(s,t) = (s%t)/(s — t + 1) of complexity (2, 1)

1 _ 1 _ 2) + 6 + 25 _ 25
9s—N)(Er1)  3(s—N)(E13)  (=0) (1)  (s=0) (& 3) | 9(s—0)(E 1)  3(s—5) (£ 3)

g(37 t) =

1 — 5 — 10 T 14 T 7 — 1
3G6—D(T1) _ 9G=1)(E13)  9(s=3)(ET1) ' 9G=3)F+3) " 9(s=5)(ET1) _ (s=5)(t+13)

Lagrangian realization H(s,t) = W®(s,¢) 1 G
w=[0 00 0 0 -1]

s—1 3—s o, 0 , 0 0 T
s—1 0 5-si 0 1 0 0 G'=[0 012 -1/2 0 0|
Riie Sl {0 ety Gl et S
s~ | 5 9, 9 thl 0 0
T 3 — 14 1 I —t=31 0 0
__91)____9___ R T — (3,3) block is unimodular !
s 2T ot
1 25 | | 2} 1
L —3 6 -5, 0 [ —t=3 -3 ]
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Multi-variate realization

2-D case (example cont’d)

Data generated from H(z1,22) = H(s,t) = (s%t)/(s — t + 1) of complexity (2, 1)

1 _ 1 _ 2) + 6 + 25 _ 25
9s—N)(Er1)  3(s—N)(E13)  (=0) (1)  (s=0) (& 3) | 9(s—0)(E 1)  3(s—5) (£ 3)

g(s,t) = — 1 _ 5 _ 10 i 14 T 7 _ 1
3(—1)(tr1)  9(s—1)(t+3)  9(s=3)(tr1) ' 9(s—3)((+3) ' 9(s=B)(t+1)  (5=5)(t+3)
Lagrangian realization H(s,t) = W¢(t)®(s,t) 1 Gc
s—1 3-s 0 | 0 We(t) =] -4 4t -39t

(b S 1 0 5—s | 0 T 1 1

)= |- g - — — - - L1

S e e A Gr=[0 003 -

4
£ s
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Multi-variate realization

Generalized n-D Lagrangian realization

o1 Y e )
kn Ci1,d2, i
2_71—1 E]g 17 Z 4"_ €] —X2(52)) (@n—2An(in))

g(w1, w2, ,Tn) =

)
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Multi-variate realization

Generalized n-D Lagrangian realization (focus on left / right variable sets)

= Xbag; g xlag, ® ... @ Xke8, € C*¥ [z, -, a] Facts
> Left / right variables
A = Xlag  @xles, L@ @XLes, e CO% gy, -, 20 splitting
X1; —Xaj 0 0 I"and A
} 0 X 0
x1j X35 > XLag, is unimodular, i.e.
XLagj = € CnXnj .
x1; 0 o 0 —x, det(X28,) =1
a; 92 -1y dng g > ..soarel and A
Xi; = xj—A(0)

(e
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Multi-variate realization

Generalized n-D Lagrangian realization (focus on barycentric weights A#2 and Bh2¢)

Facts

i1 a2 S Qlmtl

. @1 22 S a2mtl > Al2g s simply some
Abeg . rearrangement of
: N(Ln) =cn
oY a e

nis-;él n+1,2 n+1,m+1 > BLag follows

¢, = vec(A"?8)
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Multi-variate realization

Generalized n-D Lagrangian realization (control the complexity)

m = 2+4+r-1 Facts
/@ Hk':—l n; » T' gathers the first group of parameters
o T1, ", Tk
L = e T
J=k+ » A gathers the second group of parameters
z,(:-‘1-17 ct,Tn
Complexity

Re-ordering allows complexity control, e.g.
according to the order of each variable x;
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Multi-variate realization

3-D case (example)

Data generated from H(z1,x2,x3) = H(s,t,p) = (s + pt)/(p? + s + t) of complexity (1,1,2)

P Los )l g a4 1]
3 = 2 28 14 28 28 28 28 2 28 | 7 28

We = 1 8 9 | 17 20 23 | 3 10 11 | 19 22 25 ]
3 = 1 39 52 0 1 54 | 10 1 4| 32 13 6
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Multi-variate realization

3-D case (example)

Data generated from H(z1,x2,x3) = H(s,t,p) = (s + pt)/(p? + s + t) of complexity (1,1,2)

P I I
3 = 2 28 14 B B 28 7 2 28 | 7 28
we o= |18 Zkomomg i m o mmom a
3 4 39 5213 41 B4l 10 1 5 2 43 56
M(s—2) (t—1) —(s—2) (t—38) —(t—1)(s—4) (s—4)(t—3); 0 0 ; 0 0 0
1-3 51 5 -2 2-3 [ o, 0 0 0
1 t t 3 t 1 3 t
773 7732 372 773 [ o 4 0 0 0
-0 - | - - 0 0 T T s - - - - - s - - - - - = S = T T T
3 — 33 — 38 = :p75 p75: 0 0 0
9 41 41 43
&= -39 4L B -4 6P o 0 0 0
13 27 27
1 - -2 1 |0 7-p, O 0 0
R T - - - - = g~ - -- - DD - T 7" T 0 T L= L, = Ir -
1 -1t - o ) 0" 1Tp-5 p-5 L
_2 5 5 _1 [ 6 _
7 7 14 14 | 0 0 ‘6 P 0 1
9 23 11 25 1
L 56 —56 ~5 56 . 0 o , 0 T-pr 3

6
W=-ej andG' =[ 013 1/2 —1 1/2' 013 |
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Multi-variate realization

3-D case (example)

Data generated from H(z1,x2,x3) = H(s,t,p) = (s + pt)/(p? + s + t) of complexity (1,1,2)

@l 139 El_ﬁ 41 _2_7|_E 41 27 | 4 43 1]
3 2 28 1 8 8 28 2 2 28 | 7 28
W 1 8 £|1_7 20 §|l 10 E|£ 22 25
3 2 39 5213 1 5 10 41 5 2 43 56
(s—2) (t—1) —(s—2)(t—3) —(t—1)(s—4) (s—4)(t—3) "' 0
[
1-% $-1 $-2 2- 5 ;0
1_t t_ 3 t_ 1 3 _t 0
P — 2 2 2 2 2 2 2 2 |
c = -0 - A - - - 0 T T s - - - - - = L - - - - - = - - "5 . F"
3 B B R
9 41 41 43 |
~ 38 b 35 —38 ‘6*7’ 0
13 7 27
T1 — 35 — 38 1 . 0 TP
- [, _3_ 1 _p _1 3p, 1" ] T [ : _ ]
Wc(p)—[ 28 t 14 2 14 ®~% =wmtz7,0 0 and G¢ = | O13 1/2 1 1/2
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Multi-variate realization

(Compressed) generalized n-D Lagrangian realization

.. kn v dnWit,d2, sdn
Zn—l Ejz 1 Z:Jn—l ($1—)\1(]1))($2 >\2(]2)) (wn—kn(jn))

g(w1, w2, ,Tn) =

N 12, ’
211—1 Ejz 1 ZJn—l (m—h(n))(ﬂﬂz )\2(]2)) (Zn—=2n(in))
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Content

The MATLAB nLF package
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The MATLAB nLF package

GitHub page

https://github.com/cpoussot/mLF

%% Chose model
[H infoCas] = mlf.examples(34);
n infoCas.n;

p_c = infoCas.p_c;

p_r = infoCas.p_r;

%% Data tensor/rand

[y, x,dim] = mlf.make_tab_vec(H,p_c,p_r);
tab = mlf.vec2mat(y,dim);

%% Alg. 1: direct plLoe [A/G/P-V, 2025]

opt.ord_tol = le—9; . .
opt.method_null = 'svd0'; > Generic algorithm
opt.method = 'rec’; mlf.algl
opt.ord_obj =11 mlf.alg2

opt.ord_N = 10; .

opt.ord_show = false; > Specific steps
opt.data_min = true; mlf.compute_order,
[g,iloel] = mlif.algl(tab,p_c,p_r,opt); mlf.point_selection,

mlf.loewner_null_rec,
mlf.tf_lagrangian, ...
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The MATLAB nLF package

GitHub page

https://github.com/cpoussot/mLF

wLF alg. 1 (direct), r = [4,113]

» Generic algorithm
‘ mlf.algl
048 mlf.alg2

0.46

> Specific steps
mlf.compute_order,
mlf.point_selection,
mlf.loewner_null_rec,
mlf.tf_lagrangian, ...
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The MATLAB nLF package

Detailed example 2-D (define the problem)

%% Define a multivariate problem

x1xx27342%x1%xx2—1;

matlabFunction (Hsym);

Q(x) Hf(x(:,1),x(:,2));

2; % number of variables

[-1 1]; % bounds of both variables
10; % number of interpolation points
linspace (xbnd (1) ,xbnd(2),Nip);
linspace (xbnd(1),xbnd(2),Nip);

H(zl,a:g) = 2223 +2x120 — 1

» n =2, bounds X := [ -1 1 ], discretized with N; = 10, [ = {1, 2}

'xl:[—l —

5 1 1 1 i 5 7 10
-5 ~s5 ~5 5 3 ©§ 3 1]€Xz

o~
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The MATLAB nLF package

Detailed example 2-D (select interpolation points and construct the tensor)

%% Interpolation points %% Construct tensor

p_c{l} = X1(2:2:end); % Check that column/row IP are disjoint

p_r{l} = X1(1:2:end); ok = mlf.check(p_c,p_r);

p_c{2} = X2(2:2:end); % Construct tab_n

p_r{2} = X2(1:2:end); [y,x,dim] = mlf.make_tab_vec(H,p_c,p_r);
tab = mlf.vec2mat(y,dim);

» columns \;(j;) (denoted p_c{1} and p_c{2}) and

» rows /1, (7;) (denoted p_r{1} and p_r{2})

P we chose equal dimensions (i.e. k; =5 and ¢; = 5)

» IP are disjoints, and 2-D tensor 7’2® € R(a1+a2)x(k1+k2)

C. P-V. [ONERA / MOR Digital Systems - 54/87]



The MATLAB nLF package

Detailed example 2-D (estimate the orders)

%% Estimate orders along each variables and select a subset of IP
tol = le—T7,;

ord = mlif.compute_order(p_c,p_r,tab,tol ,[],5, true);
[pc,pr WV, tabr] = mlif.points_selection(p_c,p_r,tab,ord, true);
w = mlf.mat2vec(W);

10 (dy,ds) = (1,3) = (1,3) = N =8

ingular value

10710

Normalized

10-15 1

1 1.5 2 2.5 3 3.5 4 4.5 5
# singular value
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The MATLAB nLF package

Detailed example 2-D (estimate the orders)

%% Estimate orders along each variables and select a subset of IP
tol = le—T7,;
ord = mlf.compute_order(p_c,p_r,tab,tol ,[],5, true);
[pc,pr W,V, tabr] = mlif.points_selection(p_c,p_r,tab,ord, true);
w = mlf.mat2vec(W);

» (ki,k2) = (2,4) column IP

» Barycentric dimension 2 X 4 = 8 = N

> u0n=[ -3 1]
o= -3 -3 & 1] (pet2d)
> //1(«‘1):[ -1 1 ](pr{l})
oo =[ -1 =% -4 I ] (pri2y)
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The MATLAB nLF package

Detailed example 2-D (compute null space)

%% Compute rec. LL null

[c.,lag] = mif.loewner_null_rec(pc,pr,tabr, 'svd0’');

» Recursive: 136 flop and 16 Bytes

» Full: 512 flop and 64 Bytes

3778 _ 110
® _ 561 243
> W2,4 - |: _ 2206 __ 46
729 27
3 -8 6
® _
> Coa= [ -3 8 —6

_ 7702  _ 10
6561 3 ]
566

—s 2
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The MATLAB nLF package

Detailed example 2-D (Lagrange form)

%% Transfer function in Lagrangian form
[glag ,ilag] = mlIf.tf_lagrangian(pc,w,c, false);

( Biag (w1, z2) H Niag ‘ Diag ) Glag(z1,22) =
® i s ® . .

z 7 3778 2 4 C3 4(01:92)W4 , (31,72)
(‘T1+§) (932+§) 2187 3 Zj1:1 ijzl (@1 =211 ) (@2—25072))
(m2+%) (a:1+%) 523 -8 22 24 c3, (1.d2) ’
(w2 _ %) (Zl + %) — 15104 6 j1=1ZLajo=1 (@1—>1 (1 )(@2—25072))

here
zo —1) (z1 + Z 10 -1 wi
G gl A o [ W -H -ER ¥
_ 7 _ 5 561

(z1 —1) (12 + 9) 243 3 W |: 2206 16 _ 566 9 ]
(x1—1) (z2+%) —388 ] 7293 2; ) 729 )

1132 - -
) (ra3) | 22 | o S I
(wl — 1) (wz — 1) 2 1

o
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The MATLAB nLF package

Detailed example 2-D (Monomial form)

%% Transfer function

in

Monomial form

[gmon,imon] = mlf.tf_monomial(pc,w,c, false);

( Bmon(w17$2) H Nmon ‘ Dinon ) Gmon(wl’z2) =

zy ®
Xy :Ezz
xr1 T2

Z1

S O O O N O =

0

_H O O O O O O

S L e e
Zj1=1 ij:l D§4(j1’j2) (xgjl_l)méjz_l)) ’

where

we _[1 02 0
247 1 o0 0 -1
0
0
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The MATLAB nLF package

Detailed example 2-D (KST form)

%% Decoupling toward KST

[Bary,Lag,Cx] = mlf.decoupling(pc,lag);
[ Bary(z1) Bary(xz) } _ [ Lag(z1) Lag(zz) ] _ Univariate vector functions ®1 (z1)
and ®$s(z2)
[ -1 =37 [ 7 el Bary(z1) © Lag(z1)
L 5 zlj—g Tgf-g y(Z1 g(Z1
P
1 _¢ “1ts 12?% Bary(z2) © Lag(z2)
T T
1 1 “”11+§ 25 KST rational interpolant
d —
=3 sifs T ' Hyoo( ) Nyt (21, 22)
xT xr - =<
1 8 Tll_l zzf»% kst (L1, L2 dkst(xhxz)
1 —6 111’1 Tzf—% where numerator and denominator are
1 1 -1 _1
- : R 3O B1(11) © Ba(a2)
L z1—1 Tg—1

5 s ®1(01) © Ba(2)
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The MATLAB nLF package

Detailed example 2-D (KST form)

H(z1,z2) =21 a:23 +2z1220 — 1

Original vs. Approximation log(abs. err.)
Lk
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The MATLAB nLF package

Detailed example 2-D (define the problem)

%% Define a multivariate problem
syms x1 x2;

Hsym = (sin(.01xx24pi)+1)/(tanh(x1)*x2+3);
Hf = matlabFunction (Hsym);

H = 0@(x) Hf(x(:,1),x(:,2));

n = 2; % number of variables

xbnd = [-2 2]; % bounds of both variables
Nip = 12; % number of interpolation points
X1 = linspace (xbnd(1),xbnd(2),Nip);

X2 = linspace (xbnd(1),xbnd(2),Nip);

sin (%) -1

H(z1, =—— N7/
(21, 2) xg tanh (z1) + 3

> n =2, bounds X} := [ —2.0 2.0 ] discretized with N; = 12, [ = {1,2}

>xl=[72‘0 -1.64 —1.27 -0.909 -0.545 —0.182 0.182 0.545 0.909 1.27 1.64 2.0]6
Xllz
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The MATLAB nLF package

Detailed example 2-D (select interpolation points and construct the tensor)

%% Interpolation points %% Construct tensor

p_c{l} = X1(2:2:end); % Check that column/row IP are disjoint

p_r{l} = X1(1:2:end); ok = mlf.check(p_c,p_r);

p_c{2} = X2(2:2:end); % Construct tab_n

p_r{2} = X2(1:2:end); [y,x,dim] = mlf.make_tab_vec(H,p_c,p_r);
tab = mlf.vec2mat(y,dim);

» columns \;(j;) (denoted p_c{1} and p_c{2}) and

» rows /1, (7;) (denoted p_r{1} and p_r{2})

P we chose equal dimensions (i.e. k; = 6 and ¢; = 6)

» IP are disjoints, and 2-D tensor 7’2® € R(a1+a2)x(k1+k2)
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The MATLAB nLF package

Detailed example 2-D (estimate the orders)

%% Estimate orders along each variables and select a subset of IP
tol = le—3;

ord = mlif.compute_order(p_c,p_r,tab,tol ,[],5, true);
[pc,pr WV, tabr] = mlif.points_selection(p_c,p_r,tab,ord, true);
w = mlf.mat2vec(W);

10% (di,do) = (3,1) = (3,1) = N =8

ingular value

10710

Normalized

10-15 1

I I
1 15 2 2.5 3 3.5
# singular value
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The MATLAB nLF package

Detailed example 2-D (estimate the orders)

%% Estimate orders along each variables and select a subset of IP

tol = le—3;
ord = mlf.compute_order(p_c,p_r,tab,tol ,[],5, true);
[pc,pr W,V, tabr] = mlif.points_selection(p_c,p_r,tab,ord, true);
w = mlf.mat2vec(W);

» (k1i,k2) = (4,2) column IP

» Barycentric dimension 4 X 2 =8 = N

> ()= 164 —0909 0545 2.0 ] (pef1})
> (o) = [ ~1.64 2.0 ] (pei2})
> =[ -20 -127 0182 164 | (pri1})
> (i) =[ —20 164 ] (pri2})
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The MATLAB nLF package

Detailed example 2-D (compute null space)

%% Compute rec. LL null

[c.,lag] = mif.loewner_null_rec(pc,pr,tabr, 'svd0’');

P Recursive: 96 flop and 16.0 Bytes
» Full: 512 flop and 64.0 Bytes

0.225
0.243
0.465
0.714

> wfzz

—1.79
1.97
—0.547
0.233

> Cc%, =

0.855
0.629
0.245
0.199

0.453
—0.735
1.0
—0.808
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The MATLAB nLF package

Detailed example 2-D (Lagrange form)

%% Transfer function in Lagrangian form
[glag ,ilag] = mif.tf_lagrangian(pc,w,c, false);

( Biag(z1,22) || Niag | Diag ) Giag(1, w2) =
® (i i w® (51
(z1 +1.64) (zo +1.64) || —0.402 | —1.79 Eé Zz_ (04)2?1,:2>)\:\/4)2<\J1,J2‘>)
(22 — 2.0) (z1 + 1.64) 0.387 | 0.453 Dol ezieml M ;é' o 2 ) =,
(22 +1.64) (1 +0.909) || 0.479 | 1.97 SIS CUIL
PRD P e vrein) crervrery
(z2 — 2.0) (z1 +0.909) || —0.462 | —0.735 ! 2 .
(z1 — 0.545) (w2 + 1.64) || —0.254 | —0.547 where
(z2 — 2.0) (z1 — 0.545) || 0.245 1.0 0.225  0.855
(21 — 2.0) (22 + 1.64) 0.167 | 0.233 woe. _ | 0243 0629
42 0.465 0.245
(z1 — 2.0) (z3 —2.0) || —0.161 | —0.808 ‘ :
0.714  0.199
179 0.453
. 1.97  —0.735
Cio=
: ~0.547 1.0
0233  —0.808
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The MATLAB nLF package

Detailed example 2-D (Monomial form)

%% Transfer
[gmon,imon] =

function in
mlf.tf_monomial(pc,w,c, false);

Monomial

( Buon(®1,22) || Nmon | Dimon )

:E13 T2

—3.27e — 5
0.00328
0.00129
—0.129

—1.48¢ — 4
0.0148
0.00333
—0.333

—0.019
0.00983
0.0134
—0.386
—0.333
0.0444
2.87e — 4
—1.0

Gmon(x17m2) =

5 B N (1)

S DT (PG

where
—3.27e — 5  0.00328
® 0.00129 —0.129
Wi, =
; —1.48¢ —4  0.0148
0.00333 —0.333
—0.019  0.00983
® 0.0134 —0.386
C =
42 —0.333 0.0444
2.87e—4  —1.0
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The MATLAB nLF package

Detailed example 2-D (KST form)

%% Decoupling toward KST

[Bary,Lag,Cx] = mlf.decoupling(pc,lag);
[ Bary(z1) Bary(zs) } _ [ Lag(z1) Lag(zz) ] _ Univariate vector functions @1 (z1)
and ®$s(z2)
— T r—1 1 q
0.453 3.94 Z1+1.64 Zo+1.64 Bary(z1) © Lag(z1)
1 1
0.453 1.0 Z1+1.64 z5—2.0 Bary(z) © Lag(2)
_ _ 1 1 ary(z ag(x
0.735 2.68 Z1+0.909 z5F1.64 yira 8lw2
_ 1 1 i i
0.735 1.0 170909 =70 KST rational interpolant
1.0 —0.547 TvEE et _ Nisi (71, 22)
1.0 1.0 1 1 Hyse (21, 22) =
' ’ 71—0.545 T3—2.0 dicst (71, 72)
—0.808  —0.289 ﬁ m where numerator and denominator are
—0.808 1.0 1 1
L L z1——20 z3-2.0 Zrowstq)l(wl) © ®o(z2)

mes P1(z1) © Pa(z2)
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The MATLAB nLF package

Detailed example 2-D (KST form)

sin (1—350%) —1

H(zi,20) = ——————
’ xo tanh (z1) + 3
Original vs. Approximation

=
(c)

log(abs. err.)

08
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The MATLAB nLF package

Detailed example 3-D (define the problem)

%% Define a multivariate problem
syms x1 x2 x3;

Hsym
Hf

(x1+4x272%x3) /(x2%x1—10);
matlabFunction (Hsym);

Q(x) Hf(x(:,1),x(:,2),x(:,3));

3; % number of variables

[-2 2]; % bounds of both variables
6; % number of interpolation points
linspace (xbnd (1) ,xbnd(2),Nip);
linspace (xbnd(1),xbnd(2),Nip);
linspace (xbnd(1),xbnd(2),Nip);

2
T3 x2” + X1

H($1,932741/‘3) = m

» n = 3, bounds X := [ —2.0 2.0 ], discretized with N; = 6, I = {1, 2}

> = -20 -12 —04 04 12 20 |exf
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The MATLAB nLF package

Detailed example 3-D (select interpolation points and construct the tensor)

%% Interpolation points %% Construct tensor

p_c{l} = X1(2:2:end); % Check that column/row IP are disjoint
p_r{l} = X1(1:2:end); ok = mlf.check(p_c,p_r);
p_c{2} = X2(2:2:end); % Construct tab_n

p_r{2} = X2(1:2:end); [y,x,dim] = mlf.make_tab_vec(H,p_c,p_r);
p_c{3} = X3(2:2:end); tab = mlf.vec2mat(y,dim);
p_r{3} = X3(1:2:end);

» columns X;(j;) (denoted p_c{1}, p_c{2} and p_c{3}) and

» rows /(i) (denoted p_r{1}, p_r{2} and p_r{3})

P we chose equal dimensions (i.e. k; = 3 and ¢; = 3)

» IP are disjoints, and 2-D tensor '7’2® € R(a1+a92+a3) X (k1+ka+ks3)
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The MATLAB nLF package

Detailed example 3-D (estimate the orders)

%% Estimate orders along each variables and select a subset of IP
tol = le—5;

ord = mlif.compute_order(p_c,p_r,tab,tol ,[],5, true);
[pc,pr WV, tabr] = mlif.points_selection(p_c,p_r,tab,ord, true);
w = mlf.mat2vec(W);

(dyydoydg) = (1,2,1) — (1,2,1) = N =12

10
B
=
=t
--c
g s
R e e e PP ST
E
&
g
%
e
S
Z.
1071 -
| | | | I |
1 1.2 14 16 18 2 22 24 2.6 28 3

# singular value
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The MATLAB nLF package

Detailed example 3-D (estimate the orders)

%% Estimate orders along each variables and select a subset of IP
tol = le—5;
ord = mlif.compute_order(p_c,p_r,tab,tol ,[],5, true);
[pc,pr WV, tabr] = mlif.points_selection(p_c,p_r,tab,ord, true);
w = mlf.mat2vec(W);

» (k1,k2,ks) = (2,3,2) column IP

» Barycentric dimension 2 X 3 x 2 =12 =N

> =] -12 20 | (peftd)

> = [ 0.4 2.0 } (ped2})

> Ns(ja) = — 2.0 ] (pet3})

P (i) = [ 1.2 ] (pr{1})

P o (iz) = [ —-0.4 1.2 ] (pr{2})

> ps(iz) = [ ] (pr{3})
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The MATLAB nLF package

Detailed example 3-D (compute null space)

%% Compute rec. LL null
[c.,lag] = mif.loewner_null_rec(pc,pr,tabr, 'svd0’');

P Recursive: 110 flop and 9.0 Bytes
» Full: 1728 flop and 144.0 Bytes

> W 0.342 0.133  0.484 —0.196  0.084  —0.548
2327 | _0.0219 —0.197 0.467 | | —0.394 —0.252 —1.67
> o®. —0.69 1.69 —1.0 0.69 —1.69 1.0
2,3,2 7 1.0 —1.48 0.484 |’'| —1.0 1.48 —0.484

C. P-V. [ONERA / MOR Digital Systems - 72/87]



The MATLAB nLF package

Detailed example 3-D (Lagrange form)

%% Transfer function in Lagrangian form
[glag ,ilag] = mif.tf_lagrangian(pc,w,c, false);

( Biag(21, @2, 23) || Niag | Diag ) Glag (w1, 02, 23) =
(1 +1.2) (w2 +1.2) (wa +1.2) || —0.236 | —0.60 \ ¥y y2 2&281 J‘Z’J?V‘;i 372\(“ J’f‘)'m
(23 — 2.0) (x1 +1.2) (22 +1.2) || —0.135 | 0.69 S1=1 Tgp=l sl L ‘®” &
(z1 +1.2) (3 +1.2) (xz2 — 0.4) 0.225 1.69 Z . 232_1 ZQS T ‘2‘ /3] 2)01(1:2793\) —
(23 — 2.0) (z1 +1.2) (z2 — 0.4) || —0.142 | —1.69
(z2 —2.0) (1 +1.2) (z3 +1.2) || —0.484 | —1.0
(22 — 2.0) (23 — 2.0) (21 +1.2) || —0.548 1.0
(z1 — 2.0) (z2 +1.2) (z3 +1.2) || —0.0219 | 1.0
(21 — 2.0) (23 — 2.0) (22 +1.2) || 0.394 ~1.0
(21 — 2.0) (z3 +1.2) (z2 —0.4) || 0.202 | —1.48
(21 — 2.0) (3 — 2.0) (z2 — 0.4) || —0.374 | 1.48
(w1 —2.0) (z2 — 2.0) (wa +1.2) || 0.226 | 0.484
(w1 — 2.0) (22 — 2.0) (23 —2.0) || 0.806 | —0.484
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The MATLAB nLF package

Detailed example 3-D (Monomial form)

%% Transfer function in Monomial form
[gmon,imon] = mlif.tf_monomial(pc,w,c, false);

( Bmon(zl7m23z3) H Nion ‘ Dion ) GanU(m17127m3)—
(J1—1) (.73 1

221 12 Z 232(]1,J27J3) (a:l
POHIND DD De

Z1 9322 3

[

(G1—-1) (i3 —1

2
T1 22 232]11]2’.]3) (I1 g

(=)
. o o
=

0

0

T T2 T3 0
x1 T2 0
0

1 X3

= O o o o o o o
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The MATLAB nLF package

Detailed example 3-D (KST form)

%% Transfer function in Monomial form

[gmon,imon] = mlif.tf_monomial(pc,w,c, false);
[Bary(z1), Bary(x2), Bary(z3)] = [Lag(z1), Lag(z2), Lag(z3)] = Univariate vector functions @1 (x1)
T 10 069  —1.0 T ro_1 1 L - ®a(wa)
: : - T1+1.2 Zo+1.2 Z3+1.2
1.0 0.69 1.0 1 1 1 Bary(z1) O Lag(z1)
Lo 6o o zl~|1»1.2 w2t1'2 w3—12.0 Bary(z2) O Lag(z2)
: - - T1+1.2 ©5-04 w3+1.2 Bary(z3) © Lag(z3s)
_ 1 1 1
1.0 1.69 1.0 z1+1.2 ®3-04 ®3-2.0 KST rational interpolant
10 1.0 -1.0 z Ji12 T 7120 zr+112
1o 10 10 R Hioo (1, 22, a) = et (#1 2, 73)
T1+1.2 ©2-20 23-2.0 kst (1, L2, X3 dyst (71, 2, T3)
—0.484 207 —1.0 1 1 1 st T2
_0.484  2.07 1.0 m1712'0 w2t1'2 I3+11'2 where numerator and denominator are
’ ) ) 71-20 @3+1.2 ©3-2.0
—0.484 —3.07 -1.0 1 1 1 > wOBi(e1) O Ba(w2) O Pa(ws
71-20 w3-04 w3+1.2 rows
—0.484 —-3.07 1.0 1 1 1
0484 1.0 -1.0 Pye0 Ep 04 w0 D rone B1(w1) © P2 (22) © B2(25)
71-20 ©3-20 w3+1.2
| —0484 10 1.0 | 1 1 1
Ll 21—20 33-20 w3-20 |
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The MATLAB nLF package

Detailed example 3-D (KST form)

2
T3 x2° + X1
H(zi,20) = ———
xr1 a2 — 10

3 = —1.8057

Original vs. Approximation log(abs. err.)

mmH 145
LG
15,
0. 15
1
05, 155
& 0.
0,
16
1
— -1 165

x

C. P-V. [ONERA / MOR Digital Systems - 76/87]



Content

Conclusion

C. P-V. [ONERA / MOR Digital Systems - 77/87]



Conclusion

Multivariate Loewner

Approx. Systems
theory theory

C. P-V. [ONERA / MOR Digital Systems - 78/87]



Conclusion

Multivariate Loewner

Approx. Systems
theory theory

C. P-V. [ONERA / MOR Digital Systems - 78/87]



Conclusion

Take home message

Collaboration with

A.C. Antoulas [Rice Univ.]
L.V. Gosea [MPI]

P. Vuillemin [ONERA]
https://cpoussot.github.io

Theory (paper & code)
https://doi.org/10.1137/24M1656657
https://github.com/cpoussot/mLF

Side effects Benchmark (paper & code)
https://arxiv.org/abs/2506.04791

[Sci. con.] Tensor approximation https://github.com/cpoussot/benchmark_tensor

[Sci. con.] NEVP multi-linearization

[Sci. con.] Exact (Loewner) matrix null space
[Dyn. sys.] Parametric realization

[Dyn. sys.] Uncertainty propagation

[Dyn. sys.] LFR connections
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Conclusion

In parting... if enough time, 20-D example

The unknown

H(:Dl,atz,“.,.rgo) =

v

3-23+4- 28+ w12+ 213 14 + 315
@1 + a3 w3+ x4+ @5 + w6 + 7 - w8 + To - 10 - 11 + T13 + Thy - T+ T17 + T18 - T19 — T2

Statistics
20-D tensor of dimension (> 48 TBytes in real double precision)
Complexity: (3,2,1,1,1,1,1,1,1,1,1,1,1,1,1,3,1,1,1,1)
Memory:

Full: 6,291,4562 — 288 TBytes in real double precision
Recursive: 42 — (.12 KBytes in real double precision

Computation load:

Full : 2.49 - 102° flop
Recursive: 5.43 - 10" flop
error ~ 10— 11
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Conclusion

In parting... if enough time, 20-D example

The unknown

H(z1,z2,...,220) =

v

3-a3+4 28+ 212+ 713 T14 + 215

1 +w%'I3+$4+ms+x6+l‘7~ws+ﬂfg~9610~m11+3313+m‘;’3~ﬂ'+9317+9618'119*x20

Statistics
20-D tensor of dimension (> 48 TBytes in real double precision)
Complexity: (3,3,2,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1)
Memory:
Full: 6,291,4562 — 288 TBytes in real double precision
Recursive: 42 — (.12 KBytes in real double precision
Computation load:
Full : 2.49 - 10%° flop
Recursive: 5.03 - 107 flop
error ~ 10— 11
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Appendix & open research
Algorithm and heuristics (direct)

Require: 7,2
1: Check that interpolation points are disjoints.
2: Compute d; = maxy, rank ]Lgk), the order along variable z; (k being all possible combinations for frozen
the variables {x1, -+ ,zp_1,Tk+1," s Tn}).
3: Construct data set, a sub-selection Pc(n) where (ki1,k2...,kn) = (d1,d2,...,dn) +1; and Pﬁn) where
(q1,92 - - -, qn) gather the rest of the data.
4: Compute ¢y, the n-D Loewner matrix null space.
5. Construct A28 BL2g T and A with any left/right separation.
6: Construct multivariate realization.
Ensure: ﬂ(ml, ey xn) = W®(x1,22,...,2,) " 'G interpolates H(z1, 22, ...,2,) along PC(").

% A.C. lonita and A.C. Antoulas, "Data-Driven Parametrized Model Reduction in the Loewner Framework", SICON, 36(3), 2014.
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Appendix & open research

Algorithm and heuristics (iterative)

Require: 7,2 and tolerance tol > 0
1: Check that interpolation points are disjoints.
2: while error > tol do
3. Search the point indexes with maximal error (first iteration: pick any set).

Add points in PC(") and put the remaining ones in Pr(n), obtain data set.

4:

5: Compute ¢y, the n-D Loewner matrix null space.

6: Construct A28, BLag T and A with any left/right separation.

7. Construct multivariate realization. -

8:  Evaluate error = max Hn® — Tn®H where T,€ is the evaluation of ﬂ(xl, ...,Zn) along the support
points.

9: end while

Ensure: I:I(wl, ey Tp) = W®(z1,22,...,2,) G interpolates H(x1,z2,...,2,) along Pc(n).

% A.C. Rodriguez, L. Balicki and S. Gugercin, "The p-AAA algorithm for data driven modeling of parametric dynamical systems", SICON,
45(3), 2023.
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Appendix & open research

Nonlinear eigenvalues approximation

HM\)v=0

p=075

Linear model

0.5
. 0 1 0 = Gontow 90
_ _ L)
H(s,p)=1 sIs—| 1—p 0 0 1 T, > RN o
0 1 P = X 4 A (est.)
O ) (exact)
-0.5

> mlf.algl

» mlf.make_realization_lag

% L. Balicki, M. Embree and S. Gugercin, "A parametric Keldysh decomposition”, arXiv:2601.01553v1.

C. P-V. [ONERA / MOR Digital Systems - 84/87]



Appendix & open research

Nonlinear eigenvalues approximation

HM\)v=0 - p=30.00
+
Delay model 01 QQG‘W""O%
Let E = diag([1074,---,1019]), n = 10, . LT TN Y
. Qo + 1/ + \\ OO = Contour a0
X = —Ex(t) — OOle(t — p) = ) * 0 1 \ Q O;x(l,. )
E | i -
or + %+‘\ + ) g 8ot
0.05 09 N 00
H(s,p) = 1] ((s — 0.001e™7*)] — E) 1, Oy~ === s0®
01 906009
+
» mlf. algl 70'1-5.1> 0.1 -0.05 0 0.05 0.1 0.15
Re(2)
» mlf.make_realization_lag

% L. Balicki, M. Embree and S. Gugercin, "A parametric Keldysh decomposition”, arXiv:2601.01553v1.
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Appendix & open research

Linear fractional representation (the 2-D case)

Py = &(0,0)

®,, = &(1,0)— o ) A —

tpmz = lI)(O, 1) - %9

ng = kK

ny = 2(0-1) x I %
E = &, s
A = —P
B = [ —®,,(,nz+2:m—1) | G ]

On,.n +1 In | 0n ] \)

C o wH N w w > M

[ o w y
D = 0
A = x2ly,
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Appendix & open research
On-going

» Parametric and uncertain modeling
» Uncertainty propagation

Nyquist plot

2t =TT~
1
ok
1k
.2k
g
EREY
4L
W 7 (Pa)
D | —Ris)
= ={Po(s) + W(5)Ac(s), [Acll < 1}
-6 |——Ta(s,7) (data envelope)
— Py(s,1)
T e {R(s 1) + Wis 1)A(s), A < 1}
-4 -2 0 2 4 6 8

Real
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