The Loewner framework, the Kolmogorov superposition
theorem, and the curse of dimensionality

... from tensor to multivariate rational approximation and more

C. Poussot-Vassal, in coll. with A.C. Antoulas [Rice Univ.], I.V. Gosea [MPI] and P. Vuillemin [ONERA]
Workshop on data-driven control and analysis of dynamical systems

https://arxiv.org/abs/2405.00495 [in SIAM Review - Research Spotlight]
https://arxiv.org/abs/2506.04791 [extensive benchmark]
https://github.com/cpoussot/mLF [research code package]
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Starting (motivating) examples - Borehole function
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Starting (motivating) examples - Borehole function
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Data (and tensors)

Column / Row data Tensors (2-D) tab,
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Forewords

Contributions claim & trajectory of the presentation

List of contributions

» n-D tensor data to n-D Loewner matrix L,

v

n-variable transfer functions

» Taming the curse of dimensionality
» in computation effort (£1lop)
» in storage needs (Bytes)
» in accuracy

> n-variable decoupling

» KST formulation for rational functions
» connection with KAN /
> Comparison with MLP, KAN, AAA arxXiv

%: A.C. Antoulas, I-V. Gosea and C. P-V., "On the Loewner framework, the Kolmogorov superposition theorem, and the curse of
dimensionality"”, SIAM Review, November, 2025 (https://arxiv.org/abs/2405.00495).

A.C. Antoulas, I-V. Gosea, C. P-V. and P. Vuillemin, "Tensor-based multivariate function approximation: methods benchmarking and
comparison”, June, 2025 https://arxiv.org/abs/2506.04791.

A.C. Antoulas, I-V. Gosea, C. P-V. and P. Vuillemin, "mLF package", https://github.com/cpoussot/mLF.
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Multi-variate data, function & Loewner matrix

1-D case
P = (0w ) =1k )
Y = {( ;Vil),h:l,m,ql}
Loewner matrix Null space
L € Catxk1 span (c1) = N (L1)
@iy gy = w c
— Ay c2
c] = . S (Ckl

Lagrangian form

Ekl Cila i,
Jj1=1 1'7:_1/\”

Cky

1 _
g('e) = Zkl Cj1
g1=1 Tz=TX;
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Multi-variate data, function & Loewner matrix

1-D case (example)

52 +4)/(s+ 1) of complexity (2)

(
vos 2 { V)

N, = [, = [5/2,13/4,29/6]
by, = (2, = [8/3,4,40/7,68/9]
Loewner matrix Null space
1 7 13 1
6 12 18 3
1 3 5 _ 4
Li — 2 4 6 1= —3
1= o 23 a7 1
14 28 42
13 31 49
18 36 54

Lagrangian form

5 18 . 29

6(s—1) 3(s—3) 6 (s—5)
g(s) = 1 — 1 T
3(s—1) 3(s—3) s—5

=H(s)
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Multi-variate data, function & Loewner matrix

2 .
Pc( b= {(1)\“,_’/\/2;‘”],1’],2)’ J1 =
PT(Q) = {( , I Vigie)s 11 =1,...

Loewner matrix

Lo € Ce192Xk1k2

piniz _ Vii,ia — Wii,j2
J1.02 ( =) ( —2X;,)

Lagrangian form

€51,32 Wi1,32

231_1 272_1 11’_‘%/1)(21_JA12)

€j1.52

231_1 2]2:1 fIp— A/l)(zm,JAm
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2-D case

.,kz}

) "7q2}
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Multi-variate data, function & Loewner matrix

2-D case (example)

Data generated from H(z,2z) = H(s,t) = (s2t)/(s — t + 1) of complexity (2, 1)

Lo

1/\“ = [1,3,5] -
5 = [07 27 4] -
Ay = [-1,-3]
= [_27 _4] 1
_s
3
Loewner matrix
1 _3 3 _9 5  _5
3 5 5 7 7 3
1 3 1 9 5 5
9 5 5 7 21 3
19 1 1719 23 _101
15 5 35 35 45
T 39 | _ 17 1T T 127
63 35 105 7 T 63
89 139 97 _5 -1 _79
63 105 35 7 21
61 293 239 205 _ 223 11
81 135 135 63 189 9
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Multi-variate data, function & Loewner matrix

2-D case (example)

Data generated from H(z,2z) = H(s,t) = (s2t)/(s — t + 1) of complexity (2, 1)

1 3 1 2
3 5 2 3
o= 113,5) A B |
- 24 lu (-2 2|-% w
2\, = [-1,-3] ( 0 0 0 0
= [-2,-4] -1 -2 | -8 _i
3 o [-% -4
Lagrangian form
1 _ 1 S »)2 + >)6 + _25 _ ?5 _
a(s, 1) = — 2E=DED 3(57;)(t+,>) G T GenED) T GG 3(5—»)§t+.,) — H(s.)

1 _ _ 10 + 14 + 7 _
3(s—1)(t+1) 9(s—1)(t+3) 9(s—3)(t+1) 9(s—3)(t+3) 9(s—5)(t+1) (s=5)(t+3)
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Multi-variate data, function & Loewner matrix

n-D case
Pc(n) = {(IA/J’QA/::"' VNG5 Wa o i)y JL= 1k, =1 7”}
P’lgn) = {( ) 3Ty ;V’Ll,ig,“-,in)’ il:17"'7ql7 lzlazn}
Loewner matrix Null space
Ly € Co102an X1k b span (cn) = N(Ly)
1,92, 500 Vil,i2, i — Wi1,52,0 dn [ ocien ]
J1,92, 0 dn ( _l/\“)...( -7\ )
Lagrangian form Sk
Cp = : e ckikn
ki kn €1, dn Wit dn Cky,- 1
PIMERELLD D (To—12;, ) ~("o="2,.) !
g(lx nz) _ j1 in .
? ’ Zkl an Ci1,dn .
j1=1 jn=1 (lz,u”)...(nm,,z/\/“) L Chyvoe ke
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Taming the curse of dimensionality

n-variable Loewner matrix operator

CF1 x C91 x ... x Ckn x Cin x Ck1+a1)x-X(kn+an) __ QXK
("2 sy A s taby,) — Ly

n-D tensor tab, matrix L,
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Taming the curse of dimensionality

Null space flop and memory issues

(rows) Q@ = q1g2 ... qn and
L kn

log-log scale
(columns) K = kiko .

Full n-D Loewner vs. Cascaded n-D Loewner

L, € COxK

-~ OV
--O(N?) o
—OW.log(N))] "
el Computational issue
o ‘_,/‘/ Note that () x /< matrix SVD flop estimation is
=t > QK2 (if Q > K)
el ] > N3 (ifQ=K =N)
5 7 1 _’/,r"'
- Storage issue
10° 10* 10° - . P
Note that () X /' matrix storage estimation is
: -8
> in real double )/ 537 MB

10?
n-D Loewner matrix dimension

> in complex double 2(2]&'5% MB
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Taming the curse of dimensionality

2-D case (example cont’d, to get the idea)

Data generated from H('z, 2z) = H(s,t) = (s%t)/(s — t + 1) of complexity (2, 1)

1, & 2x; = -1 23y = -3 240 = -2 240 = —4 —%
=1 hi1=—3% hio=—3% hi3=—7% hi4=—% %
Ixg =3 ha1=-2 hop = —3L ho 3 = —3 hoa=—3% N (L2) - U
Az =5 hz1=-2  hzp=-2% ha3 = —25 hga=-10 |[— €2 = 194
Tup =0 hga1 =0 hg2 =0 hg3 =0 hg 4 =0 — 9
lug =2 hg,1 = —1 hso = —2 hs3=—2 hg,q = —38 _—g_
tuz =4 he,1 = -4 he,2 = —6 he3 = —2  hga= -G 1
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Taming the curse of dimensionality

2-D case (example cont’d, to get the idea)

Data generated from H(z,2z) = H(s,t) = (s2t)/(s — t + 1) of complexity (2, 1)

1, & 2x=-1 2py =2 Zpg = —4 _%
Txy =1 h11=—% h13=-3% hi4=-% g
Lag=3 | agn=—-2 hes==8  haa=-8 | nrqgy o
Ag=5 | ha1=-% hag = =4  Raecsi0 |5 €2 = 4
Tui=o0 ha1 =0 hg3 =0 hga,4 =0 9
lpg =2 hs1 = -1 hs3 =% h5,4 = = 9
lug =4 he,1 = —4§ hes=-% hoa=-% L L]
> 11L; along 'z, for ‘ 9
2p =200 =3 c?‘z = 7%’1
1
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Taming the curse of dimensionality

2-D case (example cont’d, to get the idea)

Data generated from H(z,2z) = H(s,t) = (s2t)/(s — t + 1) of complexity (2, 1)

2

Tug =2 hs1=—1 hg o = —2 hs3=—2 h5,q = —18
lug =4 hg,1 = —% hg,o = —6 h6’3=—§72 h6’4=7%
> 11L; along 'z, for .
2p=2X=-3 ) 9 .
2 e — and ¢, =
> 3 1L along “x for 1= 9 1 =
Lo = 1A, A0, 1As} 1
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Taming the curse of dimensionality

2-D case (example cont’d, to get the idea)

Data generated from H('z, 2z) = H(s,t) = (s%t)/(s — t + 1) of complexity (2, 1)

1, & 2x =1 2xp = -3 2py =2 Zpg = —4
=1 hi1=—% hi2=—% hi3=—% hi4=—-%
Thg =3 ho1 = -2 hgo = —3T h2,3 = =3 hoa=—3
Az =5 hz1=-2  hzp=-2% ha3 = —25 h3,4 = —10
Tii=o0 hg1 =0 hg =0 hg3 =0 hgq4=0
Tug =2 hs,1 = —1 h,2 = =2 hs3=-8 hsy=-10
Ty =4 he,1 = — % he,2 = —6 he,3 = — 32 he,a = — 51
> 11, along 1z, for .
2p=2X=-3 2y, 9
> 3 L; along 2z for c,”? = *% and
1332{ ,1A2,L/\_1} 1
» Scaled null space c;r =
23, Ing 1 22y 1y 23, B
[ e e e el oo™ ]
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Taming the curse of dimensionality

2-D case

Theorem: 2-D to 1-D

Being given the tableau taby tensor in response of the 2-variables H(1z,2z) function, the null space of the
corresponding 2-D Loenwer matrix Lg, is spanned by

2 1y 25 1y
A k k k
ca = N(Lg) = vec |:c1 1~{cl 1} RN 2-[c1 1} ,
1 k2

where
> " Xky "Aky
cy =N(L," ™),

i.e. the null space of the 1-D Loewner matrix for frozen 1z = 1)\191, and
Y Y
» C1 J2 :N(Ll .72)'
i.e. the jo-th null space of the 1-D Loewner matrices for frozen 2z = {2\q,- - ,ZAkz}.
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flop

Taming the curse of dimensionality
Null space - flop complexity

log-log scale (rows) Q = q1q2 .. .qn and
Full n-D Loewner vs. Cascaded n-D Loewner (COlumnS) K = Fkika. .. kn
10250 f— o) T .
—-o(v?) 57 L, € COXX
o e
L O(N.log(N)) ,
Computational issue

150 Note that () x K matrix SVD flop estimation is

10
> QK2 (if Q > K)
100
10 > N3 (ifQ=K=N)
1050
10%° = The CURSE of dimensionality

10" 10 10% 10% 10 109 10%
n-D Loewner matrix dimension
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Taming the curse of dimensionality
Null space - flop complexity

log-log scale

Full n-D Loewner vs. Cascaded n-D Loewner

10750 — o 3.00 (n=1)
—O(N?) 229 (n=2)
1020 [ O(N. log(NV)) 194 (n=3)
1.73 (n=4)
1050 1.59 (n=5)
1.50 (n=6)
10100 1.30 (n=10)
1.15 (n=20)
1050 1.10 (n=30) = The CURSE of dimensionality is TAMED
101 jzz En::z; O(N3) — O(N??9) forn=2
101 1010 1020 1030 1040 1060 1030 : . — O(N194) fOr n = 3

n-D Loewner matrix dimension

—  O(N'96)  for n =50
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Taming the curse of dimensionality

Null space - memory

The data (tableau) storage is (in complex and double precision)

n
8
520 qu + k; MB (example tableau 2 - [20,6,4,6,8,2] = 2 [k1, k2, k3, ka, ks, k¢] needs 45 VB)
l

Full n-D Loewner

Construction of
L, € CV*N

where N = k1ks - - - ky, needs

8 2

Example: N = 46,080
Memory: 31.64 GB
flop: 9.78 - 1013
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Taming the curse of dimensionality

Null space - memory

The data (tableau) storage is (in complex and double precision)
n
8
530 qu + ki MB (example tableau 2 - [20,6,4,6,8,2] = 2 [k1, k2, k3, ka, k5, k6] needs 45 MB)
1

Full n-D Loewner Cascaded n-D Loewner

Construction of
]Ln c (CNXN

where N = k1ks - - - ky, needs

8 2

Example: N = 46,080
Memory: 31.64 GB
flop: 9.78 - 1013

Construction of
L, € CEXE
where k = max; kj, needs
8

=2

Example: k = 20
Memory: 6.25 KB
flop: 8.13-10°
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Variables decoupling, KST and KANs

Kolmogorov Superposition Theorem and Hilbert’s 13th problem

Kolmogorov, Arnold, Kahane, Lorentz and Sprecher
For every continuous function f : I — R and any n € N, n > 2, there exist
» real numbers A\1,..., An;
» continuous functions @, : I— R, k=1,...,2n+ 1;
P a continuous function g : R — R;

such that:
2n+1

V(o mm) €1, £(%, ") = Y gn@k(tD) + -+ An®i (")
k=1

"Kolmogorov proved that every continuous function of several variables can be represented as a superposition of continuous
functions of one variable and the operation of addition (1957). Thus, it is as if there are no functions of several variables at all.
Seriously speaking, Kolmogorov's theorem is a brilliant example of his mastery. In particular, the theorem shows that Hilbert's
conjecture (to it's 13th problem) is wrong."

%’ A.G. Vitushkin, "On Hilbert's thirteenth problem and related questions"”, Russian Math. Surveys 59:1, pp. 11-25.
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Variables decoupling, KST and KANs

Loewner and KST

Remember that (in 2-D)

2 1 2 1

A Ak Ak Ak

c2 = N(L2) = vec [cl 1~[cl 1} s, g 2-[c1 ! ,
1 ko
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Variables decoupling, KST and KANs

Loewner and KST

Remember that (in 2-D)
2 X 22, 1)
c2 = N(Lz2) = vec |:clAl : {c1 kl} yrt €y = [C1 k1:| :| )
1 ko

Variable decoupling
Given data tab,,, the latter achieves variables decoupling, and the null space can be equivalently written as:

n n—1 n—2 1
G = c” @(C I®1kn)®(c z®1knkn_1)®"'®(cI®1kn...k2)~

ERs e Bary("~1z) Bary ("~ 2z) Bary(lz)

where c'® denotes the vectorized barycentric coefficients related to the [-th variable.
This is decoupling !

C. P-V. [ONERA / MOR Digital Systems - 18/31]



Variables decoupling, KST and KANs

Decoupling, KST and KANs via Loewner with rational activation functions (H = 'z - 2z)

"\ -1 1
2/\/2 = -1 1

c w c-w Lag
1.0 1.0 1.0

-1.0 -10 1.0
-1.0 -10 1.0
1.0 1.0 1.0
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Variables decoupling, KST and KANs

Decoupling, KST and KANs via Loewner with rational activation functions (H = lg. 2,10)

Dy, = (-1 1
2y, = (-1 1

c-w Lag
1.0 1.0 1.0

Bary(lz) Bary(%z)

1
(lz+140)l(2z+1.0) c'® - Lag(lz) e - Lag(z)

B =l ) p_| “wie  mi
-10 -1.0 1.0 g—m—— - __10 1
) ’ : (*z—1.0) (2z+1.0) 1:cl+1.0 233—1100

1 1 [ 1 .

Lo 10 L0 mmg ety TZ10 72t
Tz—1.0 2z-1.0

e e L0 -0
= 1.0 1.0

1, —-1.0
c = ( 1.0 )

2 1
c2=c 0O (c " ®1y,)
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Equivalent denominator and numerator read:

Z H [D]i,j and Z w - H [D}i,j

i-th row j-th col

i-th row j-th col



Variables decoupling, KST and KANs

Decoupling, KST and KANs via Loewner with rational activation functions (H = 'z - 2z)

L, = E -1 1 g

2N, = -1 1
c w c-w Lag
1.0 1.0 1.0 W
-1.0 —-1.0 1.0 Wl(%—w)
-1.0 —-1.0 1.0 W
1.0 1.0 1.0 m

2~ yecf 10 —10
- 1.0 1.0

1, -1.0

c = ( 1.0 )

2 1
ca=c?0(c?®l,)

Denominator Network view
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Variables decoupling, KST and KANs

Decoupling, KST and KANs via Loewner with rational activation functions (H = 'z - 2z)

KST via Loewner Decoupled barycentric

weights
k1 k2 51,52 Wi1.d2
j1=1Lajg=1 (1m_l>\/1)(2m_—)/\12) Bary( ) Bary (2)
- k1 kg €i1,92
1 2
YD DT ey
i1 i ] NS . 28
k1 ko | loz(B 1z 24 z+1.0 z+1.0
i1,5 ary . log(Bary . 1.0 1
Zh:l 21221 exp | log(wiy 2 ) + log( Vi1 ) + log( Yo ) T Tat10 22-1.0
= 1 1.0
k k 1 3 R _
Z 1 Z 2 exp (Iog(Bary.”) + Iog(Bary.x)) Too10 §z1+1.0
j1=1 Lajo=1 i1 iz i i
xr—1. xr—1.

This is the solution of KST for rational forms !
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Comparisons

Some competitors

TensorFlow interface

Rat. app [B/G 2025] (Python code)

| 4

> p-AAA
KAN [P/P 2025]

>

» Kolmogorov Arnold Network
MLP [TensorFlow by Google - Keras 2025]
>
» Multi Layer Perceptron
> Dense connected / ReLU / ADAM / 1000 it. / rand. init.

Balicki and S. Gugercin, "Multivariate Rational Approximation via Low-Rank Tensors and the p-AAA Algorithm", SISC, 2025.

&

L.
M. Poluektov and A. Polar, "Construction of the Kolmogorov-Arnold representation using the Newton-Kaczmarz method",
https://arxiv.org/abs/2305.08194.

g‘b M. Abadi et al., "TensorFlow: Large-scale machine learning on heterogeneous systems, 2015", Software available from tensorflow.org.
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Comparisons

Irrational functions (example #1)

A/G/P-V 2025 (A1)

'l

A/G/P-V 2025 (A2)

———

MDSPACK +1.10

1
ReLU(* —2
eLUCe) + 75572

> Reference: Personal communication, [none]
» Domain: R

> Tensor size: 12.5 KB (402 points)

»> Bounds: ( -1 1 )X( -1 —10710 )

Mismatch abs. error Model construction duration Model complexity
105
’QM‘T
107 10l b
g
5 i1
H = g
2 ) &
8 9
i E ¥
2 g0 g s
< £
2 i /cp-v 2025 (AT
H a' [ A/G/P-V 2025 (A2)
& [mmDsPAcK v110
S flmmr/p 202
s B/ 2025
10 [1B/G 2025 (LR)
[ TensorFlow
1 [ms] 10"
Methods Methods Methods
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Comparisons

Irrational functions (example #34)

Re(¢('z + %))

»> Riemann ¢ function (real part), [none]
» Domain: R
> Tensor size: 1.22 MB (400? points)

PBounds:(% %)x(l 50)

'_5 Mismateh abs. error  Model construction duration Model complexity _
1 [min]
10¢
10" 105 7
A
2
3
: " :
n . 510 _— Z 10
. £ = &
B/G 2025 (LR) 5 o +
s 40 E =
] = z
E
ol - £ [ W A/G/P-V 2025 (A1)
046 0 046 048 5 . g“’ A/G/P-V 2025 (A2)
- 3 " 100 H MDSPACK v1.1.0
TensorFlow log(abs. ere) S |=mrp s
“) © []B/G 2025
" s 1 B/G 2025 (L)
x o 0% S TensorFlow
W s 1 [ms] 10°
g Methods Methods Methods
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Comparisons

Irrational functions (example #43)

X 32 243 41
1.4 +2x2 333-}—4:132 +5x+6x3 +7I

o > Reference: Personal communication, [Riemann]
» Domain: R
o > Tensor size: 76.3 MB (107 points)

» Bounds: ( 1 10 )7

PP 2s log(at. err)

‘

N 10
2 Mismatch abs. error  Model construction duration Model complexity
2 O 0 * ¥ * * K * * kK

1071 10 n
x 10
logat. crr)
N o 2 P
¢ 10 7
: 10 16 g 10
log(abs. err) . g H = g
o 8 g
o o TR E ¥
. E] & g 2 &
0 - 2
2 < g8 %
. 107! )
' LI e
. o S * P/P 2025
16
o o 10710 * B/G 2025
. © # B/G 2025 (LR)
2 TensorFlow
7 o — 1 1 ms] 100 rm————
N e = Methods Methods Methods
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Comparisons

Irrational functions (time, scalability)

Model complexity

X

1} x
2 15 [min] - % O .
8 > oo
% ‘ x & & ae A/G/P-V 2025 (A1)
5 1 fmin] >w> Ao oo g A/G/P:V 2025 (A2)
z 1% b o =] g Y& MDSPACK v1.1.0
~ % A % X P/P 2025
Q x @ xg B/G 2025
.g & B o B % BJC 2025 (LR)
9 1 s A A o o ; * [> TensorFlow

[m]
: i o
B o® Qgﬁ
k4
10 [KB] 1 [MB] 10 [MB] 100 [MB] 1[GB

Tensor size
C. P-V. [ONERA / MOR Digital Systems - 25/31]



Conclusion

Take home message

Collaboration with

A.C. Antoulas [Rice Univ.]
I.V. Gosea [MPI]

P. Vuillemin [ONERA]

https://arxiv.org/abs/2405.00495
https://arxiv.org/abs/2506.04791
https://github.com/cpoussot/mLF
https://cpoussot.github.io

Side effects

[Sci. con.] Tensor rank approximation

[Sci. con.] Achieve multi-linearization of NEVP

[Sci. con.] Exact (Loewner) matrix null space computation

[Dyn. sys.] Multi-variate / parametric realization
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In parting... if enough time

Numerical examples, 20-D example

H(lz,%z,...,%0z2) =

\4

3123 4 4.8 4125 4 18,14, 4 15,
1x+2ac2~3x+4x+5w+6x+7x~sx+9ac~10x~11x+13x+131}3~7r+17w+18x‘19x—20x

Statistics
20-D tensor of dimension (> 48 TB in real double precision)
Complexity: (3,2,1,1,1,1,1,1,1,1,1,1,1,1,1,3,1,1,1,1)

n-D Loewner matrix 6,291,456% — 288 TB of storage in real
double precision

Full SVD: 2.49 - 10%° flop
Recursive SVD: 5.43 - 107 flop

error &~ 10—11
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In parting... if enough time

Numerical examples, 20-D example

H(lz,%z,...,%0z2) =

\4

3123 4 4.8 4125 4 18,14, 4 15,
1$+2$2'3$+4$+5$+6£E+7$'8$+9$'1056'11$+13$+13$3'7T+17$+18$‘195L’—20$

Statistics
20-D tensor of dimension (> 48 TB in real double precision)
Complexity: (3,3,2,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1)

n-D Loewner matrix 6,291,456% — 288 TB of storage in real
double precision

Full SVD: 2.49 - 10%° flop
Recursive SVD: 5.43 - 107 flop — 5.03 - 107 flop

error &~ 10—11

C. P-V. [ONERA / MOR Digital Systems - 27/31]



In parting... if enough time

Numerical examples (from 2 to 20 variables)

#4 Rational function Full n-D Loewner vs. Recursive n-D Loewner
3 S1 83 - O(N%) 20,7
§4° + ———— _.O(N? 1
532 +s1+s2+1 102 —OENAfog(N)) "" .
1 16~ 1 5

#5 Rational function

b

832 + s1 83 853 10" /_//
3— o ’/,"
51° + 84 + 52 83 S g
. . s 1010
#6 Rational function e
2 18 20
—V2s6° + 51+ 83 . 1416
2 3 2 10
512+ 54° + 55° + s6 + 5283
#7 Rational function
3 10° 10®
s3s2” + 1 n-D Loewner matrix dimension (N)

53822 4 542 + 56 + 51 + 55 + 57
#19 Rational function

3 2
3517 + s18° + 488 + S12 + S15 + S13 S14
53 822 + 5162 + 5172 + 51 + 84 + 85 + 56 + 513 + S19 + 57 88 + 59 510 511
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#16 Arc-tangent function
atan (z1) 4+ atan (z2) + atan (z3) + atan (z4)
12 —222 41

12222 —

#17 Exponential function
el T2 T3 T4

212 4+ 222 —xz x4 + 3

#18 Sinc function
10 sin (z1) sin (x2) sin (z3) sin (x4)

X1 T2 T3 T4

#19 Sinc function
10 sin (z1) sin (x2)

r1 T2

#20 Polynomial function
1%+ Ty mo + w2 — @2+ 1

In parting... if enough time

Numerical examples (rational and irrational)

Full n-D Loewner vs. Recursive n-D Loewner
S

— O(V%)
--0(?) 6
—O(N. log(N))

flop

10*

%0
10*
n-D Loewner matrix dimension (N)
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KANs features

> Inspired by the
Kolmogorov-Arnold
representation theorem

» The model output is a
composition of sums and
learnable activation
functions (e.g. splines)

> Alternate to Multi-Layer
Perceptrons (MLP), having
fixed activation functions
(e.g. ReLU), inspired by the
universal approximation
theorem

In parting... if enough time

About KANs

Model | Multi-Layer Perceptron (MLP) | Kolmogorov-Arnold Network (KAN)
Theorem Universal Approximation Theorem Kolmogorov-Arnold Representation Theorem
F 1 Ne) 2041 n
ormula -
(Shallow) f0 & Y ao(w; X +b) fi = Z} @ 2‘14’40(%’
i=1 a= P=
(a) fixed activation functions 7 learnable activation functions
! on nodes on edges
Model
(Shallow) sum operation on nodes
learnable weights
on edges
‘J;_‘;;‘;' MLP(x) = (W; 650 W, 0 6, « W,)(x) KAN(X) = (@50 D, o ®)(x)
MLP(x) | (d) " KAN(x)
Model
(Deep) fixed
linear;
[ inear, I
X

Comparison between MLP and KAN (figure from Z. Liu et al.)

% Z. Liu et al., "KAN: Kolmogorov-Arnold Networks", https://arxiv.org/abs/2404.19756.
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https://arxiv.org/abs/2404.19756

In parting... if enough time
KANSs with splines

Building the Kolmogorov-Arnold model as follows

2m+1 m
F(lxazxa"' 7nw): Z (I)k ka](]x)
k=1 j=1

frj 1 [0,1] = R and ®; : R — R are continuous
functions.

% M. Poluektov and A. Polar, "Construction of the Kolmogorov-Arnold representation using the Newton-Kaczmarz method",
https://arxiv.org/abs/2305.08194.
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In parting... if enough time
KANSs with splines

Building the Kolmogorov-Arnold model as follows The relation is approximated by £ = 1,--- ,d =

2m+ 1 as
2m+1

F(lx,2$7-~~ 7nx) = (bk fk(]x)
kz:; Jz:; ! F(lz, 2z, x)fzq)k ka] ()

frj 1 [0,1] = R and ®; : R — R are continuous
functions. Oik

where 0;;, denotes the k-th component of 6; vector
(interpreted as a hidden variable between two
layers), which describes splines

%: M. Poluektov and A. Polar, "Construction of the Kolmogorov-Arnold representation using the Newton-Kaczmarz method",
https://arxiv.org/abs/2305.08194.
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