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Problem Set-up

eData: 5;¢C, ¢;C,i=1,---,N.
) i . n(s) e Omitted: Various generalizations of the
e Find: rational function H(s) = (s)’ Loewner framework to MIMO systems,
s.t. H(S,‘) — ¢i7 i= 1? L ,N. nonlinear systems, etc.
U
Solution approaches: ) ) ) .
Single-variable functions ~ linear systems

parametrized

A | Barycentric framework (AAA)‘ =| =
Multi-variate functions ~ 0
linear systems

A Loewner pencil
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Lagrange basis, the Loewner matrix and rational interpolation
e Lagrange basis: Given \; € C, q;(s) =My (s—Xy), i=1,---,n+1.

n+1
e For given constants «;, w;, i = 1,--- ,n+ 1, consider: Z a,

_o, a; #0
S—a

e Solving for g we obtain

T S 2o Wi gi(s)

908)= =it | = = g(\) =w;, Vo,
o = 221 @i 9i(8) ) =i Ve

This is the barycentric Lagrange interpolation formula.

The free parameters «;, can be specified so that additional interpolation conditions are
satisfied:

9(yj) =vj, j=1,---,r. Forthistohold L.c =0, where
—Wyq .. Vi—Wnit
=X H1—Any1 3]
0 . . 1 3 q
L= : . : ecmh, e=| : |ec™
Vr—Wq o Vr—Wni1 [e%
Hr—2Aq Hr—Antd dud

L: Loewner matrix with row array (y;,v;), j=1,--,r, and column array
(Ai,w;), i=1,--- ,n+1. The coefficients «; are called barycentric weights.
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Realization of the barycentric representation

Consider a rational function H(s), of the degree n. Let the Lagrange monomials be
Xi=s—2X, j=1,---,n+1,) €C. Define:
¢ pseudo-companion form matrix of dimension n x (n+ 1):

X4 —Xo 0 s 0
X4 0 —X3 - 0
X()=1| . . . . : € Crx(mtg],
Xt 0 0 —Xpy
e coefficient matrices: A =[ & a -~ a1 |, B=[ b b --- by |eCHx(H),

e A: contains the barycentric weights and B: the barycentric weights times the associated
values of H.

Theorem. Putting these quantities together we obtain a realization of H(s):

X(s) | O 0

o(s)= [ A 0,G[1},W[00|—1]: H(s) = Wo(s)~'G |.
L B 1]

—_—

(n+2) X (n+2)

0

The realization (w, », G) has dimension n+ 2, and is both R-controllable and R-observable, i.e.

[ G and | H |, havefullrank n+2, forall secC.
®
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The Loewner matrix - 2D interpolation

® Pn,m: space of polynomials in two indeterminates, s and ¢, so that degree with respect to s is
at most n and degree with respect to tis at most m = dimPpm = (n+1)(m+1).

e Lagrange basis:

q (s, ) =TJ(s= X)) [J(t=mp), i N1, =1, m+1.
i'#i I'#

o Letg(s, t) satisfy: | 7 S5 a,’j% =0, a;j#0| =

&R KT A

W, 41 CwWoa
S it | | EE (e
n+1 ij - n+1 m-+1 .
= 2T =t ity 2 @ijdig(s: 1)

g(s, 1) =

This is the two-variable barycentric representation formula. It follows that g satisfies the
interpolation conditions g(\;, 7;) = w; ;.

e The weights «; ; can be determined so that g satisfies additional interpolation conditions:
Q(Mth) :vi,j> i= 17 7p+17 /: 17 ,f+1,

where (u;,v;;V; ;) are given.
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2D Loewner matrix

Po={(yymiWy) t i =1, 0, =1,
e Consider the arrays (%, s W) S o
Pr:{(/'l‘/vyk;v/,k):k:17"'1p7I:17"'7r
e The measurements can also be depicted as follows:
bij sl Ly vy cee vy
At Wi 4 Wy m D1, m! +1
tableau of right ’ ’ . :
valu:s } = [Q_’W] Apt W 4 Wit Pt m +1
13 Pn/ 41,1 Pnt 1, m NI Vi,m
Hp! VN1 VN,M
e The 2D Loewner matrix is:
Vi,1—Wy 4 Vi,1—Wi2 Vi =Wy
(1=A)(1—=m1)  (p1—=2q)(v1—m2) (k1 =X )1 =7 )
Vi,2—Wi 1 Vi2—Wq2 V12— W/
Lop = (1 =2)(v2—m1) (1 =) (v2—m2) (11 =X )(v2—m ) = cp'r xn'm’
V,/’p/ 7W111 V,/’p/ 7W1,2 V,/’p/ 7wn’,m’

(ur—=A1)(vp—m1)

(np=A1)(vp—m2)

WA =)

e Thus g satisfies the additional interpolation constraints given by P, if L,pc = 0.
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Multivariate Loewner matrices and generalized Sylvester equations
The definition of Lyp follows by means of Sylvester equations.
e N = 2. Introduce the diagonal matrices A, € Ckaxkar and M,N € Ckedexkee:

A
M

diag(A\1,- -+, M) ® lg,, N =l @diag(my,- - ,mq,),
diag(pe1, - -+, pix,) @ lg,, N =lg, @ diag(v,--- ,vq,).

Additionally, let R € C'*ka and L e Ckedc %1 be vectors of ones.

Lemma. The 2D Loewner matrix L, satisfies the generalized Sylvester equation:

NMLop —NLopA —MLop M+ LopAM=VR-LW (*)

Corollary. Lyp, satsfies two standard coupled Sylvester equations:
NX—-XAN=VR—-LW, MLyp—LopA=X.

When X is eliminated the generalized Sylvester equation (x) results.
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Loewner matrices Lsp

We introduce the right data A, M, © € CKarvr<karvr and the left data M, N, Z € CkedeVvexkeeve ;

A :diag(>\1,...,/\k,) ®|q, ®|V,, M :diag(u1,..4,uke)®lqe ®|Ve’
n= Ikr ®diag(7r1,...,7rq,) Qly,, N = Ike ®diag(ll1,...,llqe)®||/e7
0= Ik, ®IQr ®diag(01,‘..,6v,), Z= IkZ ®I(M ®diag(c1,,_,7cvl)_

Let R € C'*karvr and L € Ckedevex1 be vectors of ones.

Lemma. The 3D Loewner matrix satisfies the generalized Sylvester equation:
V4 (NMLgD —NL3spA—MLsp N +]L3DI\I'I) = (NM]L?,D —NLspA—MLgp N +]L3DI\I'I)G)
=VR—-LW.

Corollary. LLyp satisfies a sequence of N coupled Sylvester equations:

1D: L1D/\7ML1D:VR7LW,
2D : NX*X”IVRfLW, M]Lgl)*;gpl\:x,
3D: ZX;—-X;@=VR-LW, NXp—-XpoM=X;, MLy — LgpA = Xp,
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Realization of mutlivariate rational functions

Consider a rational function H in N variables: /s, i = 1---,N. Let the degree of H in. each
qf these variables be n, i =1,.-- ,‘N, and the Lagrange monomials in the variable 's, be
g ='s—"1), j=1,---,m+1, '\j € C. Associated with the /" variable, we define the
pseudo-companion form matrix:

‘:x1 sz 0 ce 0

x4 0 —'xg - 0

X = : : : : e ClmtD)x(m+)[ig],

ix1 0 ce 0 Jx,,,,“

f61 ’52 s iﬁn, ien;+1
The constants ‘e;, j=1,---,n;+ 1, are chosen so that 'X is unimodular.
Next, the variables are split into left (row) and right (column) variables. For simplicity, assume
that 's, .-, Ks are the right variables and “*'s,... Vs are the left variables.

Define two Kronecker products: size » x {r =X® - ® kx} and {A =k1x®...® Nx} size ¢ x 0,

where 1 =M% (n; + 1), and £ = 11", . (n; + 1). These matrices are unimodular.

Multi-row/multi-column indices and the coefficient matrices. Each column of ' and each column of A defines a unique
multi-index Ig, Jr. We will refer to these indices as row- and column-multi-indices:

lg=Tid 1o iguos oo iR I =0 i - Rl a=1, o r=1,- s
Each multi-index /g (Jr) contains the indices of the Lagrange monomials involved in the g™ (r™) column of A (I), respectively.

Remark. The ordering of these multi-indices is imposed by the ordering of the associated Kronecker products.
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The coefficient matrices are:

8l Jy
Ay, 1

A=

8l Jy

2y ,dp
Ay, Jp

8,y

aly i
aly Jy;

8lp,Jr

biy o,

5’1 2
2

biyu,

by e
biy 0
€ Chx~,

biy .

A: contains the appropriately arranged barycentric weights of H.
B: contains the product of the barycentric weights times the associated values of H.

Theorem. Putting these quantities together we obtain a realization of H(1 S,-- -,

N

s):

[rd:s—1,2) 04,01 O0k—1,0 ] 0
A A =197 [ 0 |, G=[TAE)T |, W=1[01, | 001 | —ef],
B [ (S 0
th i . 1 Noy 1 N oy —1
where e, denotes the r'" unit vector. Then: | H('s,---,"s) =W®d('s,---,"s)" ' G|

(W, ®,G) has dimension n =« + 2¢ — 1, and is both R-controllable and R-observable, i.e.

[®, G] and [

]

have full rank x +2¢ —1, forall is € C. Furthermore @ is a polynomial matrix in the
variables 's, while W and G are constant.
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Remarks on the new realization of multivariate rational functions

e Since A is unimodular, using Schur complements, the dimension of the realization can be
reducedto s + ¢ — 1:

o [[m I ] Oeret ] g [0 Woel A~ T[B | 0 1]
A ‘A(1:éf1,;)TJ’ e |’ ‘ e,e—1] -

This is achieved at the expense of introducing parameter dependence in W.

e The above expression achieves the multi-linearization of the undelying NEP (nonlinear
eigenvalue problem).

In the case of 2 variables and separation in left and right, we actually achieve a linearization
of the underlying NEP.

e Key technical quantities: the unimodular matrices constructed for each variable.

e The possibility of splitting the variables to left variables and right variables, allows us to pick
the splitting that minimizes n. For instance, if we have 4 variables with degrees 2,2, 1,1,
splitting the variables into (2, 1)—(2, 1) gives n = 17, while the splitting (2)—(2,1,1) (i.e. one
column and 3 rows variables) gives n = 26.

e |t is conjectured that the size of the blue realization is the smallest possible with
W and G constant (i.e. parameter independent).
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Structure of the nullspace of ND-Loewner matrices

: ; o wei i N 3 ,
Issue: computing the barycentric weights a;,j,...;,, requires M v7 flops.
. 3 ) ) :
Example with: n =3, m = 2: H(s,t) = % interpolation points chosen:
{51: s, =1 s3=2 s4=3% ss=3 | ss=2 s7=% | s
t=-1|b=-3|6=-3|u=-%|t6=-1|6=-3|t=2 |8
r t 2] f3 |7 t5 13 t7 3 7
st | M1 Mz s | ha s hig M7 Mg
Sp | hot hyp hpg | hpa  hos hag ha7  hog
S3 | h31 hgp  hgz | hsa  hss h3g hs7  hsg
Tableau = | s4 | har  hgp  hag | has  ss hsg ha7  hag
S5 | hsy  hsp  hsg | hsy  hss  hsghsg || hs7  hsg
Se | het  he2  heg | hes hes heghes || ez heg
s7 | hz1 hza hyg [ hyg hys hoghyg || h77 hyg
L sg | hgt hgo hgg | hgs hgs hgghgs || hg7  hgg
r o 0 0 0 0 0 0 0 b
—4  —12  —20 =2 5 —14 —21
Kl 2 7 7 3] 31
-3 -3 —160 | 16 _, _4p —112 —84
77 13 23 71 37 T
=1 —1 5 =1 =1 1 —7 =21
B 6 10 2 20 7 z 72 284
=T = == —3 —3 =9 =&t —63 =567
% 52 2 7 7 7 52 212
=1 —81 —45 =9 =9 81 =9 —81
16 304 16 54 16 64 o4 304
—32  —9% 32 —16 -4 48 —16 —12
2675 1675 65 575 25 25 775 325
32 32 —32 16 -4 —16 112 84
L 075 % 385 175 %5 75 525 275 A
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ro_o 2 54 _3 1 27 32  _38 96 _2 8 32 7
5 4 20 115 15 425 35 15 275
3 9 2 8 32 32 8 32
2 —6 —18 7 =3 7 115 ~5 8 3 5 65
2 1 27 32 8 96 32 8 32
3 6 —54 7 3 T 345 5 8 105 ~5 55
_ 154 526 98 23 215 _ 2767 7216 32 _ 12752  _ 4784 32 _ 2416
31 93 31 124 93 620 10695 465 39525 7595 1085 59675
42 318 1210 561 15 877 1136 __ 832 _ 8272 9872 _ 832 _ 11728
23 23 23 92 23 92 345 345 5865 5635 805 26565
_ 118 34 974 1217 257 1847 15184 1888 _ 35344 688 1888 _ 21552
21 7 7 84 7 28 2415 105 1785 245 245 2695
26 590 7358 _ 32 89 _ 17 _ 8824 102 _ 7928 _ 6352 _ 68 _ 8048 ’
47 141 235 188 705 940 5405 285 19975 4935 235 38775
178 _ 22 1850 1931 _ 79 _ 3101 9096 _ 374 _ 7112 1936 _ 748 _ 2864
13 13 39 260 13 780 1495 65 3315 455 195 2145
1142 866 2446 10033 2353 12103 664 1954 _ 34552 3152 3908 _ 14544
69 23 23 1380 115 460 115 115 1955 805 345 1265
67 205 1861 175 199 379 28 212 10532 3644 212 1844
23 69 115 92 69 92 115 11 9775 7245 1035 56925
13 43 403 13 _¥ 437 332 12 7 268 4 92
5 5 15 0 5] 60 115 5 255 315 15 1485
13 169 79 3876 532 8116 1124 532 1876
L 5 19 =91 T2 49 - ~¥5  — 5 —3i5 165
Lap € R12X12
= 184  _ 736 184 _ 1216 1216 1216 10051 6992  _ 7429 _ 7  _16 4 T
2 363 1089 31 31 693 2541 2541 2541 33 33
N(Lgp)

The following observation holds:
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21 33 207 5 2 _17 3904 528 _ 4544
13 13 13 16 3 6 615 675 75475
L 69 117 783 [ P— 153 45 _ 621 Lo = 4! 688 _ 6464
&% = 31 37 31 Py T 304 38 304 o =y = 38525 1675 28475 ’
57 261 5184 848 8384
3 8 & % 9 —5 —7s 35 525
27 27 24 8
_ 1856 272 832 2 16 85 55
7525 1075 11825 _ 105 303 834 238
Lo — _ 832 144 1472 L o= 2 16 85 55 N
Sg 175 25 825 ’ ) 17 221 856 1096
64 _ 592 _ 192 2 16 85 165
275 1925 1925 4 65 233 113
2 16 170 30
o184 -
9 121
N (LSS) = —12 736
1 363
184
7089
- 231
N(Lsy) = 3 184 1216
6 1089 231 172 vs 1728 flops
1216 1216 = — decoupling
693 03 SOCOUEE)
Ly) = L. = A
o CY 7429 = N(lsp) of the variables
- 17 2541 2541
16 6992
Nils)=| 18 1 - g9
1 _ 7429
2541
— T
_ 33
33
16
— | _18 _ 16
N(Lsg) i 3
1 L 1 ]
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Explanation: Constructing nullvectors of 2D from nullvectors of 1D Loewner matrices.

Consider the case n = 2, m = 2. The numerator and denominator can be expressed as:

num?P =

ag4hyq (S—s5) (s—g) (t—1t5) (t—1ts) + A4s5has (5—55) (5—56) (t— 1) (t— 1) + asghue (S—55) (s—sg) (t—1ta) (t—15)
+asahsg (S—54) (s—Sp) (1—15) (t—15) + as5hs5 (S—S4) (S—Sp) (t—14) (t—15) + asphse (S—S4) (S—Sg) (t—1a) (t—15)
+agahes (S—54) (s—55) (t—1t5) (t—15) + ag5hes (S—S4) (S—55) (t—1s) (t—15) + agphes (S—S4) (s—55) (t—14) (t—15)

a44ha4 ashas | 3phae asahsa | a@sshss
(ss4)(H) ~ (ss4)(Ht5) * (s-s4)(HHp) * (s—s5)(y) '~ (s—s5)(Hs)
asehse | dpafea | dsMes | 3s6fee
(s-s5)(ttg) " (ss6)(tg) = (s—s6)(tt5) ' (s—56)(1p)

den?P =

a4 (5—55) (s—5p) (t—15) (t—1g) + a5 (5—S5) (S—Sp) (t—1g) (t—lg) + A (S—S5) (S—p) (t—1a) (t—15)
+asa (s—54) (5—p) (t—15) (t—1g) + as5 (S—54) (S—5p) (t—1a) (t—1lg) + @56 (S—54) (5—S6) (t—1a) (—15)
+apa (s—54) (5—85) (t—15) (t—1g) + a5 (S—S4) (S—55) (t—1a) (t—1lg) + ap6 (S—54) (5—5) (t—14) (t—15)

Em ays g as4 a55

G ) T o)) T ea)(tte) T 5ss) () T (5s)(t )
a56 64 965 66

o)) T e)(Fa) T 5s6)(Fs) | (556) ()
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The associated 1D rational functions are obtained by evaluating the 2D numerator/denominator at s = s;, t = B, ij=1,2,3:

num1D =
1:14

1D

num
t=tg

1D
num =
t=tg

agahaq (4 —1t5) (t4 — ) (5—55) (5—Sp)

+asahsg (ta—1t5) (t4 —ts) (S—54) (S—Se)
+apaheq (ta—1t5) (t4 —ts) (S—54) (S—55)

agshys (s — 1) (s — ) (S—S5) (S—Sp)

as5 hss (5 — ) (15 — o) (S—S4) (S—Sp)
aps5 hes (15— ta) (15 — ) (S—S4) (s—5)

aggha (ta — 1) (5 —tg) (S—5) (s —Sp)

+asehse (14— 1) (t5 — 1) (S—S4) (S—Sp)
+agehes (ta —16) (t5 — 1) (S—S4) (S—5)

asahay (S4—55) (54— Sp) (t—15) (t—15)

+ayshas (54— S5) (54 —Sg) (t—1ta) (t—15)
+asghae (54— 55) (Sa—g) (t—14) (t—1t5)

asa hsa (S5 —54) (55— S5) (1—15) (t—1lg)

as5 M55 (S5 —54) (55— ) (t—14) (1 — 1)
asph5p (S5 —54) (S5 —Sg) (t—14) (t—1t5)

apaha (Sa—Sp) (55— Sp) (t—15) (t—1lg)

+ag5he5 (4 — S5) (S5 — ) (t—1a) (t— 1)
+as6he6 (54— Ss) (S5 — ) (t—14) (t—15)

den'P =
l:t4

1D
n =
de oty

1D
n =
de 1=t

1D

s=s,

1D

=sg

den_ =
S—Ss

asq (ta—15) (ta— ) (S—S5) (S—Sp)

+asq (l4—15) (4 — 1) (5—4) (5—5Sp)
+apa (l4—15) (4 — 1) (S—4) (5—55)

ays (ts—1a) (ts — o) (S—S5) (s —sp)

ass5 (5 —14) (15— ) (S—54) (s—Sg)
ap5 (15 —14) (15— 1) (S—S4) (s—S5)

age (ta—1tg) (ts — o) (S—5) (s—sp)

+asp (14— 1) (5 —15) (S—S4) (S—Sg)
+ag6 (ta — 1) (5 —15) (S—54) (S—S5)

a4 (54— 55) (4 —p) (t—15) (t—15)

+as5 (54— S5) (Sa—Sp) (t—1a) (t—15)
+age (54— 55) (S4—S6) (t—14) (t—15)

ass (S5 —54) (S5—S5) (1—15) (t—1lg)

ass (S5 —4) (S5—5g) (t—14) (t— 1)
asp (S5 —4) (S5—5g) (t—14) (t—1t5)

ap4 (54 —Sp) (S5—Sp) (t—15) (t— 1)
+ags5 (54— Sp) (S5 —5p) (t—1a) (t—15)
+age (54— Ss) (55— 56) (t—14) (t—15)
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Example:

H(s, t, x) =

3 43,2
ST T4xT = vy 23] =[5 4 3] = N = 60.

st yx 243

Right points: [s{, s», S3, S4, Ss5),

[tr, to, t3, t4],

[x1, X2, X3] =

S= [sy, s2, 83, 84, S5] ® Iy 4
= Iis ® [t1, b, 13, Y]
X = Ii5 ® Iy 4
5-4.3

S1, b, X1 | Sp, by, Xy | 83, by, Xy | 84ty X | S5,y X

S1,t, X2 | Sp,tq, X2 | Sz, by, X2 | S4,tq, X0 | S5, 14, %0

Si,t,X3 | So,ty,X3 | S3,t1,%3 | S4,t1,X3 | S5,1, X3

S1,to, X1 | Sp,tp, Xy | S3,tp, X1 | S4,1p, X1 | S5, 12, X

S1,12, X2 | Sp, b0, Xy | 83,1, Xp | Sq,tp, X0 | S5, 10, X0 | o 5 g
S1,12,X%3 | Sp,tp,X3 | S3,%3,X3 | Satp,X3 | S5,%2,X3 | | oniaple x
Si,t3, X1 | so,13, X1 | S3,13, X1 | S4,13,%X1 | s5,13,Xq

S1,13, X2 | S2,13, %2 | S3,13, X2 | S4,13,X2 | S5,13, %2

Si,13,X3 | Sp,t3,X3 | S3,13,%X3 | S4,13,X3 | S5,13,%3

S1,t4, X1 | Sp,t4, X1 | Sz, b4, Xy | Sa, 1, X | S5, 1, X

Si,l,Xo | S2, 4, X0 | Szt X0 | Sg,ty X0 | S5t Xp

Si,%4,X3 | Sp,t4,X3 | S3,t4,%X3 | S4,t4,%X3 | S5, %3

5.4

S1,t1,X3 | S2,1y,X3 | S3,ty,X3 | Sq,11,X3 | S5,14,X3 | 5 4 g
S1,t2,X3 | Sp,12,X3 | S3,tp,X3 | Sq,12,X3 | S5,12,X3 | \oiaple t
S1,13,X3 | Sp,13,X3 | S3,13,X3 | S4,13,X3 | S5,13,X3

S1,%4,X3 | sp, 4, %3 | S3.14,X3 | S4,t4,X3 | S5,14,X3
[ 5 | 1 5x5
[si,ta.X3  so,ta, X3 sS3,t4,X3  Ssty, X3 S5,1,X3 | variables

®
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I3 B R,
[x1, X2, X3]
ar,1,1 @11 81,1 8411 8511
a112 @12 @a312 12 a512
a113 a3 4,13 313
a0y @21 421 3521
a22 aA22 Q22 aA5272
ayo03 @23 423 3523
a131 @31 31 3531
4132 @232 4432 8532
a133 a233 @433 @533
a141 @241 .41 3541
a1 42 @242 42 8542
1,43 @243 443 3,43
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17/22



(Bary,) © (Bary; ® I3 1) © (Baryg ® I12,1) = N(Lgp)

r 331 716 T - .
35 3 ! — 1%
B Y A 1 p——
1008 1008 | 58
TS E— v/
&7 e | -
B <} v A
1580 1580 | 1
B — —3
1555 1555 635
247 _ 536 6069
89 g5 ! 3175
i/ v/ ——
2563 2563 | -8
2689 S8
£ —39% 1
3175 3175 395
== 1 —T 473
15 15 2 _ 3175
— 299 647 1 1 29 46
348 348 15 2430 =
187 — 406 1| 73 ’ 473 DECOUPLING of the variables
19 219 30 3415 R
17 —3T 4 1 T 946
20 20 1
1579 3374 1 _ 359 [NE—
1795 1795 683
TI%Y 4B g 6789 Barys
263 263 3415
T 522 4 _ 8409
803 803 3415
B R 7
415 T 3415 1 i
a7 _1m — 41
=2 5 946
T 17 3% 7 987
188 188 4
e —m@w oy | | 21
93 93 946
B -7 -7 §
L 1892 ~ 1892 1] N i N
N’
Bary, Bary;
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The ND-case. Consider H(- - - , s, - - - ), of degrees v; — 1 > 0, i = 1,--- , N. The following hold:

Hence the total flops/storage required to compute an element of the null space of Lyp is:

Flops,p, = 1/13 + (1) ug + (v1v2) ug + o+ (v un—q) 1/2’ vs. Flopsyp = u?ug s
Storagep, = 1/12 + (v1) ug + (vqvp) l/§ + o4 (Vo oun_q) U,ZV vs. Storageyp = (v1vp - - -

# of 1D Loewner matrices L | size of each L | # of flops per L
3
ViV st UN_2 UN—A VN VN
3
vivg st UN—2 VUN—1 VN_1
. Remark. The 1D Loewner matrices L|p,

: can be computed in parallel (simultanously).
vy Vo v3 Vg
121 vo ug
1 vy V?

Resulting advantages:

(a) massive computational savings, making the procedure feasible.

matrices of size vj, i =1,--- k.

U
Taming the curse of dimensionality

Instead of computing ND-Loewner matrices of size N = INv;, one computes 1D-Loewner

(b) improved numerical accuracy, again making this procedure feasible in many real situations.
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3D example: Numerical issues.
217+ 88 +5x2

S aE AR = v1 =10, v, =8, 13 =3 = N =240.

H(s, t, x) =
Flops for computing the barycentric weights: 10 - 8 - 3% + 10 - 8% + 10% = 8,280 vs. 240% = 13, 824, 000.
The nullspace of Lspy in floating point arithmetic, has dimension in excess of 100 instead of 1!
Compute the barycentric weights iteratively, by means of 91 1D Loewner matrices.

Barycentric weights

Normalized singular values of the 3D Loewner matrix

Barycentric weights as linear combination of
right singular vectors of 3D Loewner matrix
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Conclusions

@ We extended the data-driven model reduction method, based of the Loewner
Framework to N-parameter systems.

@ The approach is closely related to the barycentric interpolation in N dimensions.

Issue: complexity for many parameters, i.e. Curse-of-Dimensionality.

@ Solution: reduce the procedure to one involving 1D Loewner matrices, only.

This addresses the Curse-of-Dimensionality (C-of-D) of multi-parameter
linear systems by decoupling the variables. The computational complex-
ity is thereby reduced by several orders of magnitude.

@ In addition to computational effort in many cases this new method improves the
numerical accuracy of the procedure.

The data used are ND-tensors. Therefore we have provided a way to
tame C-of-D for ND-tensors.

Reference:

e A.C. Antoulas, |.-V. Gosea, C. Poussot-Vassal,
The Loewner framework for parametric systems: Taming the Curse-of-Dimensionality,
https://arxiv.org/abs/2405.00495, May 2024.
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.. and in parting, a 20-D example, courtesy of Charles Poussot-Vassal:

20

H(13723""7 S):
3.163 1 4.854 1254 3. 14s+153—2°s
's 4252354 %54 %54 %4 75.854.95. 195 s 1 185 1 8g3 4 V75 185. 1%
Statistics
@ Complexity: (3,2,1,1,1,1,1,1,1,1,1,1,1,1,1,3,1,1,1,1)
@ 20-D tensor
@ L,p has size6 291, 456.
@ 6,291,456° . 0 = 294,912 GB of storage in double precision
@ Full SVD: 2.49-1020 flop
Cascaded SVD: 5.43-107 flop

Thanks for your attention
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Appendix. A higher-degree example

19 412 3
— s 7t e+s7+5x _ — — —
H(s, t,x) = 5519041448 X171 — vy =20, vp =15, v3 =10, N = 3000.

Number of flops required: 300 - 10% + 20 - 15% + 20% = 375,500 vs 27 - 10° (ratio 1:71,904).

Normalized singular values of the 3D Loowner matrix ) Barycentric weights

R T
: I s

The normalized singular values of L3p The barycentric weights (x = 2 - 1012)

e o \w \ ... A
' +oo O L0 O O IO O T T

Barys: 11D Loowner matrx of size 20x 20

The barycentric weights (logarithmic scale) Three 1D sequences, whose product
yields the 3D weights

MORe - UCSD - September 2024



Appendix. Data usage: variables s, t,

z, degrees v1 =3, 1o =2,1v3=2

hi11 hy1z | hizg hyga | hag hp1z | ooy hoop | hggq hgiz | hgpy hgzp EERe B
3 D
hi13 hy1g | hizg hiog | haig hp1g | hogg hoog | hgig hgis | hgpg hgos
_ | | | | 24 evaluations
Li1,e L12,e L2.1,e L2.2.e L3,1,e L32,e
E2) Z5 Z3 Zs
b b |3 h b | B 1] b | 3 & 1] b | 3 &4
51 X s | x X B) 51
s | x  x s | x  x S5 s
ss | x  x s3 | x  x s3 s3
Sy S4 S4 X X S4 X X
S5 ES ES X X S5 X X
Sg S S X X Sp X X
hii2 hio | hp1z hozo | hgio hgpp
variablet: 3 Lp
hizz higo | hggp hogo | hagp hagp
— — — 12 evaluations (6 new)
Li,e,2 L2 e,2 L3.e,2
B2 B Z3 Z4
t [ 3 iy 3] [ i3 A 3] [ 3 A [ t i3 A
51 51 | x x| x x || 5 51
Sp Sp X X X X Sp S
s3 ss | x x| x x| s s3
S4 S4 S4 Sy
S5 S5 S5 S5
Se Se Se Se
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hizp hyp hgpp

variables : 1 Lp
hs2o hspo hezo
N .
6 evaluations (3 new)
Le 2,2
4 Z z3 24

t o 3 1y t to t3 ty 1 to i3 1y o i3 ty
Sq Sq X B S
Sp Sp X Sp Sp
S3 S3 X S3 S3
S4 S4 X S S
£ £ X ES S5
S S X Se Sg

2114 1 2121 1 11 1 2221 1 314 1 4321 1 Bar

2112 a22 az12 a2 az12 a322 V2

12 2112 1 1 212 12 1 1 a312 2312 1 1 Bar

2122 a122 a222 az22 a322 a322 i

a122 a2z a2 a2 | a2 axn2 azpz Az | A3 az2 agp  agpy | Barys

a1 airz aet aizz | A211 a2 azz1 azp2 | A311 a2 azzy agyy | Baryier

Total number of function evaluations: 33.
Flops: 99 vs. 1728.
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